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Abstract. The finite-dimensional symmetric algebras over an algebraically
closed fields, based on surface triangulations, motivated by the theory of clus-
ter algebras, have been extensively investigated and applied. In particular,
the weighted surface algebras and their deformations were introduced and
studied in [16]-[20], and it was shown that all these algebras, except few sin-
gular cases, are symmetric tame periodic algebras of period 4. In this article,
using the general form of a weighted surface algebra from [19], we introduce
and study so called virtual mutations of weighted surface algebras, which
constitute a new large class of symmetric tame periodic algebras of period 4.
We prove that all these algebras are derived equivalent but not isomorphic
to weighted surface algebras. We associate such algebras to any triangulated
surface, first taking blow-ups of a family of edges to 2-triangle discs, and
then virtual mutations of their weighted surface algebras. The results of this
paper form an essential step towards a classification of all tame symmetric
periodic algebras.
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1 Introduction and the main result
Throughout this paper, K will denote a fixed algebraically closed field. By an
algebra we mean an associative finite-dimensional K-algebra with an identity.
For an algebra A, we denote by modA the category of finite-dimensional
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right A-modules and by D the standard duality HomK(−, K) on modA. An
algebra A is called self-injective if AA is injective in modA, or equivalently,
the projective modules in modA are injective. A prominent class of self-
injective algebras is formed by the symmetric algebras for which there exists
an associative, non-degenerate symmetric K-bilinear form (−,−) : A×A→
K. Classical examples of symmetric algebras are provided by blocks of group
algebras of finite groups and the Hecke algebras of finite Coxeter groups. In
fact, any algebra A is the quotient algebra of its trivial extension algebra
T (A) = A⋉D(A), which is a symmetric algebra.
Let A be an algebra. Given a module M in modA, its syzygy is defined
to be the kernel of a minimal projective cover of M in modA. The syzygy
operator ΩA is a very important tool to construct modules in modA and
relate them. For a self-injective algebra A, it induces an equivalence of the
stable module category modA, and its inverse is the shift of a triangulated
structure on modA [29]. A module M in modA is said to be periodic if
ΩnA(M)
∼= M , for some n > 1, and minimal such n is called the period of
M . The action of ΩA on modA can effect the algebra structure of A. For
example, if all simple modules inmodA are periodic, then A is a self-injective
algebra. An algebra A is defined to be periodic if it is periodic viewed as a
module over the enveloping algebra Ae = Aop⊗K A, or equivalently, as an A-
A-bimodule. It is known that if A is a periodic algebra of period n, then for
any indecomposable non-projective module M in modA the syzygy ΩnA(M)
is isomorphic to M . Periodic algebras are self-injective and have periodic
Hochschild cohomology. Periodicity of an algebra, as well as its period, are
invariant under derived equivalences. Therefore, to study periodic algebras
we may assume that the algebras are basic and indecomposable.
Finding or possibly classifying periodic algebras is an important problem
as it has connections with group theory, topology, singularity theory, cluster
algebras and algebraic combinatorics. For details, we refer to the survey
article [15] and the introductions of [2, 16, 18].
We are concerned with the classification of all periodic tame symmetric
algebras. Dugas proved in [11] that every representation-finite self-injective
algebra, without simple blocks, is a periodic algebra. The representation-
infinite, indecomposable, periodic algebras of polynomial growth were clas-
sified in [2]. It is conjectured in [16, Problem] that every indecomposable
symmetric periodic tame algebra of non-polynomial growth is of period 4.
The large class of tame symmetric algebras of period 4 is provided by the
weighted surface algebras associated to compact real surfaces (these and their
deformations are investigated in [16]-[20]). Surface triangulations have been
also used to study cluster algebraic structures in Teichmüller theory [25, 28],
cluster algebras of topological origin [26], and the classification of all cluster
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algebras of finite mutation type with skew symmetric exchange matrices [24].
We also mention that there exist wild symmetric periodic algebras of period
4, with arbitrary large number (at least 4) of pairwise non-isomorphic simple
modules. These wild periodic algebras arise as stable endomorphism rings
of clustr-tilting Cohen-Macaulay modules over one-dimensional hypersurface
singularities (see [5] and [18, Corollary 2]).
Periodic algebras based on surface triangulations lead also to interesting
non-periodic symmetric tame algebras. Namely, we get new symmetric tame
algebras by taking the idempotent algebras eΛe of periodic surface algebras Λ.
In particular, every Brauer graph algebra is of this form (see [21, Theorem 4]).
We refer also to [22] for the related classification of all algebras of generalized
dihedral type. Summing up, the classification of all symmetric tame periodic
algebras of period 4 is currently an important problem.
In order to present our main result we recall briefly the nature of weighted
surface algebras, introduced and investigated in [16, 19, 23]. By a surface we
mean a connected, compact, 2-dimensional real manifold S, with or without
boundary. Then S admits a structure of a finite 2-dimensional triangular
cell complex, and hence a triangulation. We say that (S,
−→
T ) is a directed
triangulated surface if S is a surface, T a triangulation of S with at least two
edges, and
−→
T an arbitrary choice of orientations of triangles in T . To such
(S,
−→
T ) one associates a triangulation quiver (Q(S,
−→
T ), f), where Q(S,
−→
T ) is
a 2-regular quiver, that is every vertex is a source and target of exactly two
arrows. The vertices of this quiver are the edges of T , and f is a permutation
of the arrows of Q(S,
−→
T ) reflecting the orientation
−→
T of triangles in T . Since
Q(S,
−→
T ) is 2-regular there is a second permutation, denoted by g, of the
arrows of Q(S,
−→
T ). For the set O(g) of g-orbits of arrows in Q(S,
−→
T ), two
functions m• : O(g) → N∗ and c• : O(g) → K∗, called weight and parame-
ter functions, are considered. Then, under some restrictions on m• and c•,
the weighted surface algebra Λ(S,
−→
T ,m•, c•) is defined as a quotient algebra
KQ(S,
−→
T )/I(S,
−→
T ,m•, c•) of the path algebra KQ(S,
−→
T ) of Q(S,
−→
T ) over K
by an ideal I(S,
−→
T ,m•, c•) ofKQ(S,
−→
T ). It has been proved in [19, Theorems
1.1-1.3] that, if Λ = Λ(S,
−→
T ,m•, c•) is a weighted surface algebra other than
a singular disc, triangle, tetrahedral or spherical algebra, then Λ is a tame
symmetric periodic algebra of period 4. We mention that the Gabriel quiver
QΛ of such an algebra is at most 2-regular, which means that every vertex is
a source and target of at most two arrows. Moreover, QΛ is 2-regular if and
only if QΛ = Q(S,
−→
T ). This holds exactly when mO|O| > 3 for any orbit O
in O(g). In general, it is assumed only mO|O| > 2 for any orbit O in O(g),
and some other minor restrictions (see Section 3). Conversly, it has been
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shown in [18, Main Theorem] that a basic indecomposable algebra A with 2-
regular Gabriel quiver QA having at least three vertices is a tame symmetric
periodic algebra of period 4 (more generally, algebra of generalized quate-
rion type) if and only if A is socle equivalent to a weighted surface algebra
Λ(S,
−→
T ,m•, c•), different from a singular tetrahedral algebra, or is isomor-
phic to a higher tetrahedral algebra Λ(m, λ), m > 2, λ ∈ K∗ (investigated
in [17]). Recently, new exotic families of algebras derived equivalent to the
algebras Λ(m, λ) were discovered: the higher spherical algebras S(m, λ) from
[20], and the families E(m, λ) and F (m, λ) from [46]. These four exotic fami-
lies may be regarded as higher deformations of the known four families of the
trivial extensions algebras of the tubular algebras of tubular type (2, 2, 2, 2),
presented long time ago in [43, Example 3.3]. Furthermore, new relevant ex-
otic families occured in the recent authors work concerning the classification
of algebras derived equivalent to higher tetrahedral algebras. We also note
that some relevant exotic families of algebras with 2 and 3 simple modules
occured in the Erdmann’s classification of algebras of quaternion type [13]
(see also [5, 14, 31]).
The aim of this article is to show that there are numerous tame symmetric
periodic algebras of period 4, with arbitrary large ranks of the Grothendieck
group, which are not isomorphic to weighted surface algebras. In particu-
lar, this leads the study of derived equivalences of weighted surface algebras
into new exciting directions. The idea is as follows. The general version of
weighted surface algebras introduced in [19] allows to consider the algebras
Λ = Λ(S,
−→
T ,m•, c•) whose triangulation quiver (Q(S,
−→
T ), f) admits arrows
which do not occur in their Gabriel quivers QΛ, called virtual arrows. For ex-
ample, the directed triangulated surface (S,
−→
T ) may contain 2-triangle discs
•
•
•
ba
c
d
with coherent orientation (a c d) and (c b d) of triangles, which provide in
Q(S,
−→
T ) g-orbits of arrows c // doo of length 2. Assume that O1, . . . ,Or is
a family of pairwise different orbits in O(g) of length 2 with mO1 = · · · =
mOr = 1, and ξ = (ξ1, . . . , ξr) is an element in O1×· · ·×Or. Then we define
a new algebra Λ(ξ) = Λ(S,
−→
T ,m•, c•, ξ) by a quiver Q(S,
−→
T , ξ) and relations,
which we call a virtual mutation of Λ with respect to the chosen sequence ξ
of virtual arrows of Q(S,
−→
T ).
The following theorem is the main result of this paper.
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Main Theorem. Let Λ(ξ) = Λ(S,
−→
T ,m•, c•, ξ) be a virtual mutation of a
weighted surface algebra Λ = Λ(S,
−→
T ,m•, c•). Then the following statements
hold.
(1) Λ(ξ) is a finite-dimensional symmetric algebra.
(2) Λ(ξ) is derived equivalent to Λ.
(3) Λ(ξ) is not isomorphic to a weighted surface algebra.
(4) Λ(ξ) is a representation-infinite tame algebra.
(5) Λ(ξ) is a periodic algebra of period 4.
The quiver Q(S,
−→
T , ξ) describing Λ(ξ) has the same vertices as Q(S,
−→
T ),
which are the edges of T . All arrows of the quiver Q(S,
−→
T ) which are not
connected to the sources of the chosen virtual arrows ξ1, . . . , ξr are the arrows
of Q(S,
−→
T , ξ). On the other hand, the quiver Q(S,
−→
T , ξ) contains (with few
exceptions) vertices which are sources or targets of 3 or 4 arrows, so this
explains the statement (3). We describe a canonical basis for the algebra
Λ(ξ) and then provide formula for its dimension over K (see Section 4).
For the proof of (2) we construct in Section 6 a tilting complex T ξ in the
homotopy category Kb(PΛ) of bounded complexes of projective modules in
modΛ and prove that the endomorphism algebra EndKb(PΛ)(T
ξ) is isomorphic
to Λ(ξ). Then the remaining statements of the above theorem follow from
known general results.
We note that in general the directed triangulated surface (S,
−→
T ) of a
weighted surface algebra Λ = Λ(S,
−→
T ,m•, c•) may not contain 2-triangle
discs, and then Λ does not admit a virtual mutation. In Section 7 we discuss
the following construction of weighted surface algebras which admit virtual
mutations.
Let Λ = Λ(S,
−→
T ,m•, c•) be a weighted surface algebra, say with S an
orientable surface and
−→
T a coherent orientation of triangles in T (due to [21,
Theorem 3.1] it is not restriction of generality). We take a non-empty set
I of edges in T (possibly all edges of T ) and a function ǫ : I → {−1, 1}.
Then we may associate to (S,
−→
T ), in a unique way, a directed triangulated
surface (S,
−→
TI), where TI is the new triangulation of S obtained from T by
blowing-up of every edge of I to a 2-triangle disc, and in such a manner
that
−→
T is extended to a coherent orientation
−→
TI of triangles in TI . This
creates canonically a new weighted surface algebra ΛI = Λ(S,
−→
TI , m
I
•, c
I
•) and
a sequence ǫ = (ǫi)i∈I of virtual arrows of Q(S,
−→
TI ), defined by the function
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ǫ. Then the virtual mutation ΛǫI = ΛI(ǫ) of ΛI with respect to ǫ is defined
as a deformation of Λ at the set of edges I, with respect to function ǫ.
We have the following consequence of the Main Theorem.
Corollary 1. Let Λ = Λ(S,
−→
T ,m•, c•) be a weighted surface algebra, I a set
of edges of T , ǫ : I → {−1, 1} a function, and ΛǫI the associated deformation
of Λ. Then ΛǫI is a finite-dimensional, tame, symmetric and periodic algebra
of period 4. Moreover, ΛǫI is not isomorphic to a weighted surface algebra.
The paper is organized as follows. In Sections 2 and 3 we present necessary
background on derived equivalences of algebras and weighted triangulation
(surface) algebras, needed for further parts of the article. In Section 4 we
introduce and study the virtual mutations of weighted triangulation (surface)
algebras. Section 5 presents several examples illustrating the concept of a vir-
tual mutation of a weighted surface algebra. Section 6 is devoted to the proof
of Main Theorem. In final Section 7 we introduce deformations of weighted
surface algebras with respect to collections of edges of the underlying surface
triangulation.
For general background on the relevant representation theory we refer to
the books [1, 13, 30, 42, 45] and the survey article [44].
2 Derived equivalences of algebras
In this section, we recall basic facts on derived equivalences of algebras,
needed in our article.
For an algebra A, we denote by Kb(modA) the homotopy category of
bounded complexes of modules in modA and by Kb(PA) its subcategory
formed by bounded complexes of projective modules. The derived category
Db(modA) of A is the localization of Kb(modA) with respect to quasi-
isomorphisms, and admits structure of a triangulated category, where the
suspension functor is given by left shift (−)[1] (see [29]). Two algebras A and
B are called derived equivalent provided their derived categories Db(modA)
and Db(modB) are equivalent as triangulated categories. Moreover, a com-
plex T in Kb(PA) is called a tilting complex [39], if the following conditions
are satisfied:
(T1) HomKb(PA)(T, T [i]) = 0, for all integers i 6= 0,
(T2) add(T ) generates Kb(PA) as triangulated category.
We have the following handy criterion for verifying derived equivalence
of algebras, due to Rickard [39, Theorem 6.4].
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Theorem 2.1. Two algebras A and B are derived equivalent if and only if
there exists a tilting complex T in Kb(PA) such that EndKb(PA)
∼= B.
We recall also the following two theorems (see [41, Corollary 5.3] and [15,
Theorem 2.9]).
Theorem 2.2. Let A and B be derived equivalent algebras. Then A is sym-
metric if and only if B is symmetric.
Theorem 2.3. Let A and B be derived equivalent algebras. Then A is peri-
odic if and only if B is periodic. Moreover, if this is the case, then A and B
have the same period.
Beacause in the class of self-injective algebras, derived equivalence im-
plies stable equivalence (see [40, Corollary 2.2] and [41, Corollary 5.3]), one
may conclude from [7, Theorems 4.4 and 5.6] and [33, Corollary 2] that the
following theorem holds.
Theorem 2.4. Let A and B be derived equivalent self-injective algebras.
Then the following equivalences are valid.
(1) A is tame if and only if B is tame.
(2) A is of polynomial growth if and only if B is of polynomial growth.
We present now a simple construction of tilting complexes of lenght 2
over symmetric algebras, observed first by Okuyama [38] and Rickard [40].
These tilting complexes have been used extensively to verify various cases
of Broué’s abelian defect group conjecture [8], as well as in realizing derived
equivalences between symmetric algebras (see [3], [4], [31], [32], [37], [40]).
Let A be a basic, indecomposable, symmetric algebra with the Grothendieck
group K0(A) of rank at least 2 and A = AA = P ⊕Q a proper decomposition
in modA. Consider a left add(Q)-approximation f : P → Q′ of P , that is
Q′ is a module in add(Q) and f induce surjective map
HomA(f,Q
′′) : HomA(Q
′, Q′′)→ Hom(P,Q′′),
for any module Q′′ in add(Q).
In this case, we may consider two complexes
T1 : 0 // Q // 0 and T2 : 0 // P
f // Q′ // 0
concentrated, respectively in degree 0 and in degrees 1 and 0. Then we have
the following proposition (for a proof we refer to [12, Proposition 2.1]).
Proposition 2.5. T := T1 ⊕ T2 is a tilting complex in K
b(PA).
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3 Weighted triangulation algebras
A quiver is a quadruple Q = (Q0, Q1, s, t) consisting of a finite set Q0 of
vertices, a finite set Q1 of arrows and two maps s, t : Q1 → Q0 assigning to
each arrow α ∈ Q1 its source s(α) ∈ Q0 and target t(α) ∈ Q0. We denote by
KQ the path algebra of Q over K, where underlying K-vector space has as
its basis the set of all paths in Q of length > 0, and by RQ the arrow ideal of
KQ generated by all paths in Q of length > 1. For a vertex i ∈ Q0, let ei be
the path of length 0 at i, and then ei are pairwise orthogonal idempotents,
which sum up to identity of KQ. We will consider algebras of the form
A = KQ/I, where I is an ideal of KQ such that RmQ ⊆ I ⊆ RQ for some
m > 2, so that A will be a basic finite-dimensional algebra. Then the Gabriel
quiver QA of A is the full subquiver of Q obtained by removing all arrows α
with α+ I ∈ R2Q + I.
A quiver Q is 2-regular if for each vertex i ∈ Q0 there are precisely two
arrows with source i and precisely two arrows with target i. Such a quiver
Q has involution ¯ : Q1 → Q1, which is a function assigning to each arrow
α ∈ Q1 the unique arrow α¯ 6= α with s(α) = s(α¯).
Following [16, 35], a triangulation quiver is a pair (Q, f), where Q =
(Q0, Q1, s, t) is a connected 2-regular quiver and f : Q1 → Q1 is a permuta-
tion such that s(f(α)) = t(α), for any arrow α ∈ Q1, and f 3 is the identity
on Q1. In particular, all cycles in Q1 induced by f (that is the orbits of f)
have length 1 or 3. We also assume that |Q0| > 2. It was shown in [16, The-
orem 4.11] (see also [21, Theorem 3.1]) that every triangulation quiver (Q, f)
is the triangulation quiver (Q(S,
−→
T ), f) coming from a triangulation T of a
compact connected real surface S, with or without boundary, and where
−→
T
is an arbitrary choice of orientation of triangles in T . We may even assume
that S is an orientable surface and
−→
T is a coherent orientation of triangles
in T . We refer to Section 7 for more details.
Let (Q, f) be a triangulation quiver. Then we have the composed permu-
tation g : Q1 → Q1, where g(α) = f(α), if α ∈ Q1. For each arrow α ∈ Q1,
we denote by O(α) the g-orbit of α in Q1, and set nα = nO(α) = |O(α)|.
Hence the g-orbit O(α) is of the form O(α) = (α g(α) . . . gnα−1(α)). We
note that nα may be arbitrary large natural number. We write O(g) for the
set of all g-orbits in Q1. Following [16], we call a function
m• : O(g)→ N
∗ := N \ {0}
a weight function of (Q, f), and a function
c• : O(g)→ K
∗ := K \ {0}
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a parameter function of (Q, f). We write brieflymα := mO(α) and cα := cO(α),
for α ∈ Q1.
Definition 3.1. We say that an arrow α ∈ Q1 is virtual if mαnα = 2.
Note that this condition is preserved under permutation of g, and the virtual
arrows form g-orbits of size 1 or 2.
We have also the following general assumption [19, Assumption 2.7].
Assumption 3.2. We assume that a weight function m• of (Q, f) satisfies
the following conditions:
(1) mαnα > 2 for all arrows α,
(2) mαnα > 3 for all arrows α such that α¯ is virtual but not a loop,
(3) mαnα > 4 for all arrows α such that α¯ is a virtual loop.
For each arrow α ∈ Q1, we consider the path
Aα := αg(α) . . . g
mαnα−2(α)
along the g-cycle of α of length mαnα − 1, and the g-cycle
Bα := αg(α) . . . g
mαnα−1(α)
of α of length mαnα. We observe that Bα = Aαgnα−1(α). Moreover, if
nα > 3, we consider also the path
A′α := αg(α) . . . g
mαnα−3(α)
along the g-cycle of α of length mαnα − 2. Let us only mention that f 2 =
gnα−1(α¯), for any arrow α ∈ Q1 (see [16, Lemma 5.3]).
The definition of a weighted triangulation algebra looks as follows.
Definition 3.3. The algebra Λ = Λ(Q, f,m•, c•) = KQ/I is a said to
be a weighted triangulation algebra if (Q, f) is a triangulation quiver and
I = I(Q, f,m•, c•) is the ideal of KQ generated by the following relations:
(1) αf(α)− cα¯Aα¯, for any arrow α ∈ Q1,
(2) αf(α)g(f(α)), for all arrows α ∈ Q1 unless f 2(α) is virtual or unless
f(α¯) is virtual with mα¯ = 1 and nα¯ = 3,
(3) αg(α)f(g(α)), for all arrows α ∈ Q1 unless f(α) is virtual or unless f 2(α)
is virtual with mf(α) = 1 and nf(α) = 3.
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We note that the relations (2) and (3) are corrections of the relations (2)
and (3) in [19, Definition 2.8] (see [23] for a discussion).
The following theorem is a consequence of the main results proved in [19].
Theorem 3.4. Let Λ = Λ(Q, f,m•, c•) be a weighted triangulation algebra
other than a singular disc, triangle, tetrahedral or spherical algebra. Then
the following statements hold:
(1) Λ is a finite-dimensional algebra with dimK Λ =
∑
O∈O(g)mOn
2
O.
(2) Λ is a symmetric algebra.
(3) Λ is a tame algebra.
(4) Λ is a periodic algebra of period 4.
Definition 3.5. Let (S,
−→
T ) be a directed triangulated surface, (Q(S,
−→
T ), f)
the associated triangulation quiver and m•, c• weight and parameter func-
tions of Q(S,
−→
T ). Then the weighted triangulation algebra
Λ(Q(S,
−→
T ), f,m•, c•)
is called a weighted surface algebra, and it is denoted by Λ(S,
−→
T ,m•, c•).
We recall also the following description of bases of indecomposable pro-
jective modules over a weighted triangulation algebra, established in [19,
Lemma 4.7].
Proposition 3.6. Let Λ = Λ(Q, f,m•, c•) be a weighted triangulation alge-
bra, i a vertex of Q and α, α¯ the two arrows in Q1 starting at i. Then the
following statements hold.
(1) Assume that α is virtual. Then the module eiΛ has basis Bi formed by
all initial submonomials of Bα¯ together with ei and α¯f(α¯).
(2) If α and α¯ are not virtual, then eiΛ has basis Bi formed by all proper
initial submonomials of Bα and Bα¯ together with ei and Bα.
(3) We have the equalities
αf(α)f 2(α) = cαBα = cα¯Bα¯ = α¯f(α¯)f
2(α¯)
and this element generates the socle of eiΛ.
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Example 3.7. Following [22], by a 2-triangle disc we mean the unit disc D =
D2 in R2 with the triangulation T given by two triangles
•
•
•
31
2
4
with 1 and 3 boundary edges, and the coherent orientation
−→
T : (1 2 4) and
(2 3 4) of these two triangles. Then the associated triangulation quiver
(Q(D,
−→
T ), f) is the following quiver
2
β
''❖❖
❖❖❖
❖❖❖
❖❖
ξ

ρ
88
γ
ff1
α
77♦♦♦♦♦♦♦♦♦♦ 3
νww♦♦♦
♦♦♦
♦♦♦
♦
4
δ
gg❖❖❖❖❖❖❖❖❖❖
µ
OO
with f -orbits (α ξ δ), (β ν µ), (ρ) and (γ). We mention that the associated
permutation g = f¯ has two orbits O(α) = (α β γ ν δ ρ) and O(ξ) = (ξ µ).
Let m ∈ N∗ and λ ∈ K∗. Consider the weight function m• : O(g) → N∗
and the parameter function c• : O(g)→ K∗ such thatmO(α) = m, mO(ξ) = 1,
cO(α) = λ, cO(ξ) = 1, and the associated weighted disc (triangulation) algebra
D(m, λ) = Λ(D,
−→
T ,m•, c•) = Λ(Q(D,
−→
T ), f,m•, c•),
which we call the disc algebra of degree m.
We note that ξ and µ are virtual arrows, and ξ = βν and µ = δα in
D(m, λ), so the disc algebra D(m, λ) is given by its Gabriel quiver
2
β
''❖❖
❖❖❖
❖❖❖
❖❖
ρ
88
γ
ff1
α
77♦♦♦♦♦♦♦♦♦♦ 3
νww♦♦♦
♦♦♦
♦♦♦
♦
4
δ
gg❖❖❖❖❖❖❖❖❖❖
and the relations
αβν = λ(ραβγνδ)m−1ραβγν, βνδ = λ(βγνδρα)m−1βγνδρ,
δαβ = λ(δραβγν)m−1δραβγ, νδα = λ(γνδραβ)m−1γνδρα,
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ρ2 = λ(αβγνδρ)m−1αβγνδ, γ2 = λ(νδραβγ)m−1νδραβ,
αβνδα = 0, βνδρ = 0, ρ2α = 0,
νδαβν = 0, δαβγ = 0, γ2ν = 0,
βνδαβ = 0, ραβν = 0, δρ2 = 0,
δαβνδ = 0, γνδα = 0, βγ2 = 0.
Observe also that we have no zero relations of the forms:
δαβ = δf(δ)g(f(δ)), because f 2(δ) = ξ is virtual,
βνδ = βf(β)g(f(β)), because f 2(β) = µ is virtual,
αβν = αg(α)f(g(α)), because f(α) = ξ is virtual, and
νδα = νg(ν)f(g(ν)), because f(ν) = µ is virtual.
Moreover, dimKD(m, λ) = m · 62 + 22 = 36m + 4 and, according to
Proposition 3.6, D(m, λ) admits basis B = B1 ∪ B2 ∪ B3 ∪ B4, where
B1 = {(αβγνδρ)
rα, (αβγνδρ)rαβ, (αβγνδρ)rαβγ, (αβγνδρ)rαβγν,
(αβγνδρ)rαβγνδ; 0 6 r 6 m− 1} ∪ {(ραβγνδ)rρ, (ραβγνδ)rρα ,
(ραβγνδ)rραβ, (ραβγνδ)rραβγ, (ραβγνδ)rραβγν; 0 6 r 6 m− 1}
∪
{
e1, (αβγνδρ)
s, (ραβγνδ)t; 1 6 s 6 m, 1 6 t 6 m− 1
}
,
B2 = {(βγνδρα)
rβ, (βγνδρα)rβγ, (βγνδρα)rβγν, (βγνδρα)rβγνδ,
(βγνδρα)rβγνδρ; 0 6 r 6 m− 1} ∪ {e2, βν, (βγνδρα)
s; 1 6 s 6 m} ,
B3 =
{
(νδραβγ)tν, (νδραβγ)tνδ, (νδραβγ)tνδρ, (νδραβγ)tνδρα,
(νδραβγ)tνδραβ; 0 6 r 6 m− 1
}
∪
{
(γνδραβ)tγ, (γνδραβ)tγν,
(γνδραβ)tγνδ, (γνδραβ)tγνδρ, (γνδραβ)tγνδρα; 0 6 r 6 m− 1
}
∪
{
e3, (νδραβγ)
s, (γνδραβ)t; 1 6 s 6 m, 1 6 t 6 m− 1
}
,
B4 = {(δραβγν)
rδ, (δραβγν)rδρ, (δραβγν)rδρα, (δραβγν)rδραβ,
(δραβγν)rδραβγ; 0 6 r 6 m− 1} ∪ {e4, δα, (δραβγν)
s; 1 6 s 6 m} .
In particular, the Cartan matrix CD(m,λ) of D(m, λ) is of the form

4m 2m 4m 2m
2m m+ 1 2m m+ 1
4m 2m 4m 2m
2m m+ 1 2m m+ 1

 .
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4 Virtual mutations of weighted surface alge-
bras
The aim of this section is to introduce the main objective of the paper,
namely the virtual mutations of weighted triangulation (surface) algebras,
and describe their linear bases. In particular, we will show that these are
finite-dimensional algebras and determine their dimensions.
Let (Q, f) be a triangulation quiver, Q = (Q0, Q1, s, t), g = f¯ the associ-
ated permutation of Q1, and O(g) the set of all g-orbits in Q1. Moreover, let
m• : O(g)→ N
∗ be a weight function, c• : O(g)→ K∗ a parameter function,
and Λ = Λ(Q, f,m•, c•) the associated weighted triangulation algebra. We
keep the notation introduced in the previous section. We also assume that
|Q0| > 4 and that Λ is not a singular spherical algebra, introduced in [19,
Example 3.6].
Assume that O(g) contains a family O1, . . . ,Or of orbits with |Oi| = 2
and mOi = 1, for any i ∈ {1, . . . , r} (we mention that O(g) may contain
other virtual orbits besides the chosen ones). For a given element
ξ = (ξ1, . . . , ξr) ∈ O1 × · · · × Or
we shall define a virtual mutation
Λ(ξ) = Λ(Q, f,m•, c•, ξ)
of Λ with respect to the sequence ξ of virtual arrows.
Observe that, for each i ∈ {1, . . . , r}, the triangulation quiver (Q, f)
contains a subquiver of the form
σi
%%❑❑
❑❑
❑❑
❑❑
❑ ci
βi
&&▲▲
▲▲▲
▲▲▲
▲
ξi

ai
ρi
zz✉✉✉
✉✉
✉✉
✉✉
αi
88rrrrrrrrr
bi
νiyysss
sss
ss
s
γi
99ttttttttt
di
δi
ee❑❑❑❑❑❑❑❑❑
µi
OO
ωi
dd■■■■■■■■■
with f -orbits (αi ξi δi) and (βi νi µi) and f(σi) = ρi, f(ωi) = γi, g(σi) = αi,
g(αi) = βi, g(βi) = γi, g(ωi) = νi, g(νi) = δi and g(δi) = ρi. We also note
that the g-orbits O(αi) = (αi βi γi . . . σi) and O(νi) = (νi δi ρi . . . ωi) are of
length at least 3, and may coincide (as shown in Example 3.7). But we have
always |O(αi)| > 4 or |O(νi)| > 4, because otherwise, due to 2-regularity
of Q, there is an f -orbit of length 2, which is impossible. The special cases
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|O(αi)| = 3 or |O(νi)| = 3 are as follows
...ց • ր
...
ωi
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏
ai
ρi
99tttttttttttttttttt
αi
%%❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑ bi
γi=σioo
νi
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝
ci
βi
99tttttttttttttttttt
ξi

di
µi
OOδi
\\✽✽✽✽✽✽✽✽✽✽✽✽✽✽✽✽✽✽✽✽✽✽✽✽✽
ci
βi
✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
ξi

di
δi
zz✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
µi
OO
ai
αi
CC✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞
ρi=ωi
// bi
γi
zz✉✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
✉✉
✉
νi
dd■■■■■■■■■■■■■■■■■■
...ր•ց...
σi
dd❏❏❏❏❏❏❏❏❏❏❏❏❏❏❏❏❏❏
Further, since the arrows ξi and µi are virtual, we have in Λ the equalities
δiαi = cµiµi and βiνi = cξiξi, with cξi = cµi = cOi .
Replacing ξi by cξiξi and µi by cµiµi, we may assume that cOi = 1, for all
i ∈ {1, . . . , r}. We also note that in the presentation of Λ by its Gabriel quiver
QΛ and the induced relations, the virtual arrows ξi and µi, i ∈ {1, . . . , r},
are removed (as well as all other virtual arrows of Q).
We will define the algebra Λ(ξ) = Λ(Q, f,m•, c•, ξ) by a quiver Q(ξ) and
a set of relations, keeping triangle nature of the most of the relations defining
Λ. There are also added some new types of the relations.
The quiver Q(ξ) = (Q(ξ)0, Q(ξ)1, s, t) is defined in the following way. We
take Q(ξ)0 = Q0 and the set Q(ξ)1 of arrows is obtained from the set of
arrows Q1 by three types of operations:
• removing the virtual arrows ξi and µi, for i ∈ {1, . . . , r},
• replacing the arrows ai
αi // ci and ci
βi // bi by arrows ci
αi // ai
and bi
βi // ci , for i ∈ {1, . . . , r},
• adding the arrows ai
τi // bi , for i ∈ {1, . . . , r}.
Therefore, for any i ∈ {1, . . . , r}, the quiver Q(ξ) contains a subquiver of one
of the forms:
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(1)
σi
%%❑❑
❑❑
❑❑
❑❑
❑ ci
αi
xxrrr
rrr
rrr
ai τi
//
ρi
zz✉✉✉
✉✉
✉✉
✉✉
bi
νiyysss
sss
ss
s
γi
99ttttttttt
βi
ff▲▲▲▲▲▲▲▲▲
di
δi
ee❑❑❑❑❑❑❑❑❑ ωi
dd■■■■■■■■■
if |O(αi)| > 4 and |O(νi)| > 4,
(2)
•
ωi
""❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
ai
ρi
;;①①①①①①①①①①①①①①①①
τi
// bi
γi=σioo
νi
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
βi
||②②
②②
②②
②②
②②
②②
②②
②
ci
αi
bb❋❋❋❋❋❋❋❋❋❋❋❋❋❋❋
di
δi
YY✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸
if |O(αi)| = 3, and
(3)
ci
αi
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛
di
δi
||②②
②②
②②
②②
②②
②②
②②
②②
ai
τi //
ρi=ωi
// bi
γi
||①①
①①
①①
①①
①①
①①
①①
①
βi
YY✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸
νi
bb❊❊❊❊❊❊❊❊❊❊❊❊❊❊❊
•
σi
cc❋❋❋❋❋❋❋❋❋❋❋❋❋❋❋
for |O(νi)| = 3.
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We consider also the quiver Q(ξ)∗ obtained from Q(ξ) by removing all
vertices ci, i ∈ {1, . . . , r}, and arrows attached to them (that is the arrows
αi, βi). Note that every vertex of Q(ξ)∗ except di, i ∈ {1, . . . , r}, is 2-regular.
Consequently, each arrow η of Q(ξ)∗ different from δi, i ∈ {1, . . . , r}, admits
the second arrow η˜ with s(η˜) = s(η). Setting δ˜i := δi, for each i ∈ {1, . . . , r},
we obtain an involution ˜ : Q(ξ)∗1 → Q(ξ)
∗
1.
The quiver Q(ξ)∗ also admits a triangulation-like structure given by the
permutation f ∗ : Q(ξ)∗1 → Q(ξ)
∗
1 such that s(f
∗(η)) = t(η), for each arrow
η ∈ Q(ξ)∗1, and (f
∗)3 is the identity on the set of arrows. Indeed, for any
arrow η ∈ Q(ξ)∗1 different from νi, δi, τi, i ∈ {1, . . . , r}, we set f
∗(η) = f(η),
whereas for any i ∈ {1, . . . , r}, we put f ∗(νi) = δi, f ∗(δi) = τi and f ∗(τi) = νi.
Composing f ∗ with the involution ˜ : Q(ξ)∗1 → Q(ξ)
∗
1, we obtain also the
permutation g∗ = f˜ ∗ : Q(ξ)∗1 → Q(ξ)
∗
1 on the set of arrows of Q(ξ)
∗.
For each arrow in η ∈ Q(ξ)∗1, we denote by O
∗(η) the g∗-orbit of η in
Q(ξ)∗1, and put n
∗
η = |O
∗(η)|. By O(g∗) we denote the set of all g∗-orbits
in Q(ξ)∗1. We note that for any arrow η ∈ Q1 with O(η) different from
O(α1), . . . ,O(αr), we have O∗(η) = O(η).
The following lemma describes the orbits in O(g∗) without arrows in Q1.
Lemma 4.1. Let O∗ be an orbit in O(g∗). The following statements are
equivalent.
(1) O∗ does not contain an arrow η ∈ Q1.
(2) (Q, f) is of the form
c1
β1
$$❍
❍❍
❍❍
❍
ξ1

c2
β2
$$❍
❍❍
❍❍
❍
ξ2

. . .
%%❑❑
❑❑
❑❑
cr
βr
$$❍
❍❍
❍❍
❍
ξr

a1
α1
<<②②②②②②
b1 = a2
ν1{{✇✇
✇✇
✇✇
α2
::✈✈✈✈✈✈
b2 = a3
ν2{{✇✇
✇✇
✇✇
::✉✉✉✉✉✉
. . . br−1 = ar
zz✉✉✉
✉✉
✉✉
✉
αr
::tttttt
br = a1
νr{{✇✇
✇✇
✇✇
d1
δ1
aa❉❉❉❉❉
µ1
OO
d2
δ2
cc●●●●●●
µ2
OO
. . .
cc❍❍❍❍❍❍❍❍
dr
δr
dd■■■■■■
µr
OO
with r > 2, the f -orbits (αi ξi δi) and (βi νi µi), i ∈ {1, . . . , r}, the
g-orbits O(α1) = (α1 β1 α2 β2 . . . αr βr), O(νr) = (νr δr . . . ν2 δ2 ν1 δ1)
and O(ξi) = (ξi µi) = O(µi), i ∈ {1, . . . , r}, mO(ξi) = 1, for any i ∈
{1, . . . , r}, and ξ = (ξ1, . . . , ξr).
(3) Q(ξ) is of the form
c1
α1
}}③③
③③
③③
c2
α2
zz✈✈✈
✈✈
✈
. . .
zz✉✉✉
✉✉
✉
cr
αr
yysss
ss
s
a1
τ1 // b1 = a2
ν1{{✇✇
✇✇
✇✇
β1
dd❍❍❍❍❍❍
τ2 // b2 = a3
ν2{{✇✇
✇✇
✇✇
β2
dd❍❍❍❍❍❍
. . . br−1 = ar
τr //
yyttt
tt
tt
t
ee❑❑❑❑❑❑❑
br = a1
νr{{✇✇
✇✇
✇✇
βr
dd❍❍❍❍❍❍
d1
δ1
aa❇❇❇❇❇
d2
δ2
cc●●●●●●
. . .
cc❍❍❍❍❍❍❍❍
dr
δr
dd❏❏❏❏❏❏
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where r > 2 and O∗ = O∗(τ1) = (τ1 τ2 . . . τr).
Proof. If O∗ does not contain an arrow from Q1, then by definition of Q(ξ)∗
and g∗, O∗ consists only of arrows of type τj , and this yields that (Q, f)
and Q(ξ) have shapes required in (2) and (3), respectively. The remaining
implications are obvious from the definition of g∗.
Remark 4.2. The triangulation quiver (Q, f) occuring in the above lemma is
the triangulation quiver (Q(S2,
−−→
T (r)), f) of the following triangulation T (r)
of the unit sphere S2 in R3
• • •
•
•
a1 a2 a3 . . . ar ar+1 = a1
c1
d1
c2
d2
cr
dr
with r > 2 and coherent orientation
−−→
T (r) of triangles in T (r): (ai ci di) and
(ci ai+1 di), i ∈ {1, . . . , r} (see [22, Example 7.5]).
We also have the following lemma.
Lemma 4.3. Let η be an arrow in Q(ξ)∗1. Then the following equivalences
hold.
(1) |O∗(η)| = 1 if and only if η ∈ Q1 and |O(η)| = 1. In this case, we also
have O∗(η) = O(η).
(2) |O∗(η)| = 2 if and only if one of the cases holds:
(a) η ∈ Q1 with |O(η)| = 2;
(b) O∗(η) = O∗(τi) for some i ∈ {1, . . . , r} with |O(αi)| = 3;
(c) O∗(η) = (τ1τ2) for the case r = 2 described in the previous lemma.
Proof. This is straightforward from the definition of Q(ξ)∗.
We define now two functions
m∗• : O(g
∗)→ N∗ and c∗• : O(g
∗)→ K∗
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which assign to each orbit O∗ in O(g∗) the elements
m∗O∗ =
{
mO(η), if O∗ = O∗(η) for some arrow η ∈ Q1,
mO(α1), otherwise (see Lemma 4.1),
c∗O∗ =
{
cO(η), if O∗ = O∗(η) for some arrow η ∈ Q1,
cO(α1), otherwise (see Lemma 4.1).
Note that the two conditions exclude in both definitions. We abbreviate
m∗η = m
∗
O∗(η) and c
∗
η = c
∗
O∗(η), for any arrow η ∈ Q(ξ)
∗
1. Using assumptions
imposed on m• one can deduce from Lemma 4.1 that m∗ηn
∗
η > 2, for any
arrow η ∈ Q(ξ)∗1. The description of all arrows η ∈ Q(ξ)
∗
1 with m
∗
ηn
∗
η = 2
follows from Lemma 4.3, and we call these arrows η virtual arrows.
For each η ∈ Q(ξ)∗1, we define the path A
∗
η as follows:
• A∗η = (ηg
∗(η) . . . (g∗)n
∗
η−1(η))m
∗
η−1ηg∗(η) . . . (g∗)n
∗
η−2(η), if n∗η > 2,
• A∗η = Aη = η
mη−1, if n∗η = 1 (equivalently, η ∈ Q1 with nη = 1).
Moreover, we set
B∗η = A
∗
η(g
∗)n
∗
η−1(η) = (ηg∗(η) . . . (g∗)n
∗
η−1(η))m
∗
η .
For each i ∈ {1, . . . , r}, we denote by C∗δi the subpath of A
∗
δi
such that
A∗δi = δiC
∗
δi
, and let
• A∗αi = αiC
∗
δi
, and
• B∗αi = A
∗
αi
βi = αiC
∗
δi
βi.
We note that C∗δi is of length > 1, since |O(δi)| > 3.
The definition of a virtual mutation of a weighted triangulation algebra
is now as follows.
Definition 4.4. The algebra Λ(ξ) = Λ(Q, f,m•, c•, ξ) := KQ(ξ)/I(ξ) is
called a virtual mutation of a weighted triangulation algebra Λ = Λ(Q, f,m•, c•)
with respect to a sequence ξ = (ξ1, . . . , ξr) of virtual arrows if I(ξ) is the ideal
of the path algebra KQ(ξ) generated by the elements:
(1) νiδi − βiαi − c∗ν˜iA
∗
ν˜i
, αiτi and τiβi, for all i ∈ {1, . . . , r},
(2) ηf ∗(η)− c∗η˜A
∗
η˜, for all arrows η ∈ Q(ξ)
∗
1 different that νi, i ∈ {1, . . . , r},
(3) ηf ∗(η)g∗(f ∗(η)), for all arrows η ∈ Q(ξ)∗1 different from τi, νi, for i ∈
{1, . . . , r}, and η ∈ Q1 such that f 2(η) is virtual or f(η¯) is virtual with
mη¯ = 1 and nη¯ = 3,
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(4) ηg∗(η)f ∗(g∗(η)) for all arrows η ∈ Q(ξ)∗1 different from (g
∗)−1(νi), νi, τi
with mνinνi = 3, for i ∈ {1, . . . , r}, and η ∈ Q1 such that f(η) is virtual
or f 2(η) is virtual with mf(η) = 1 and nf(η) = 3.
(5) A∗αiνi and A
∗
δi
βi, for all i ∈ {1, . . . , r}.
We will identify an arrow η of Q(ξ) with the corresponding element of
Λ(ξ) = KQ(ξ)/I(ξ).
Definition 4.5. Let (S,
−→
T ) be a directed triangulated surface, (Q(S,
−→
T ), f)
the associated triangulation quiver, m• and c• be weight and parameter func-
tions of (Q(S,
−→
T ), f), and ξ = (ξ1, . . . , ξr) a sequence of virtual arrows from
pairwise different orbits in O(g) of length 2 (and trivial weights). Then the
virtual mutation Λ(Q(S,
−→
T ), f,m•, c•, ξ) is said to be a virtual mutation of the
weighted surface algebra Λ(S,
−→
T ,m•, c•), and denoted by Λ(S,
−→
T ,m•, c•, ξ).
We shall present now some consequences of the relations defining a virtual
mutation Λ(ξ) of a weighted triangulation algebra Λ = Λ(Q, f,m•, c•).
Lemma 4.6. Assume that i ∈ {1, . . . , r} andmαi = 1 and nαi = |O(αi)| = 3.
Then the following relations hold in Λ(ξ).
(1) νiδi = βiαi + cγiγi and ρiωi = cγiτi.
(2) ωiνiδi = ωiβiαi + cγicρiA
∗
g(ρi)
.
(3) νiδiρi = βiαiρi + cγicνiA
∗
νi
.
(4) ρiωiνi = cγicρiA
∗
ρi
and ρiωiνiδi = cρiB
∗
ρi
.
(5) δiρiωi = cγicδiA
∗
δi
and δiρiωiνi = cδiB
∗
δi
.
(6) αiρiωi = 0 and ρiωiβi = 0.
In particular, the arrows γi and τi do not occur in the Gabriel quiver of Λ(ξ).
Proof. For (1), we note that ν˜i = γi, ρ˜i = τi and A∗γi = γi and A
∗
τi
= τi,
because ωi = f(ρi) = f ∗(ρi) and O∗ = O∗(γi) = O∗(τi) is an orbit of length
2 with weight m∗O∗ = mO(αi) = 1. Then required ralations follow from (1)
and (2) in Definition 4.4.
For (2) and (3), observe that ωiγi = ωif ∗(ωi) = c∗ω˜iA
∗
ω˜i
and γiρi =
γif
∗(γi) = cγ˜iA
∗
γ˜i
, by relations (2) defining Λ(ξ), so the required relations
follow, since γ˜i = νi and ω˜i = g(ρi).
The equalities in (4) and (5) follow from (1) and the relations τiνi = c∗τ˜iA
∗
τ˜i
and δiτi = c∗δ˜iA
∗
δ˜i
, because τ˜i = ρi and δ˜i = δi.
Finally, (6) is a consequence of (1) and the relations αiτi = 0 and τiβi =
0.
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Proposition 4.7. Let η be an arrow in Q(ξ)∗1. Then the following statements
hold.
(1) B∗η is a non-zero element of the right (respectively, left) socle of Λ(ξ).
(2) c∗ηB
∗
η = ηf
∗(η)(f ∗)2(η) = η˜f ∗(η˜)(f ∗)2(η˜) = c∗η˜B
∗
η˜.
Proof. (1) For η ∈ Q1, the cycle B∗η is obtained from the cycle Bη of Q by
replacing all subpaths αjβj , j ∈ {1, . . . , r}, by arrows τj . Similarily, if η = τi
for some i ∈ {1, . . . , r}, then B∗η is obtained from the cycle Bαi of Q in
the same way. We know from Proposition 3.6(3) that every cycle Bαi in Q,
α ∈ Q1, is a non-zero element of socΛ = soc(ΛΛ) = soc(ΛΛ), and hence is a
non-zero element with γBα = 0 and Bασ = 0 for all arrows γ, σ ∈ Q1. Hence
it follows from the relations defining Λ(ξ) that B∗η is a non-zero element of
Λ(ξ) satisfying φB∗η = 0 and B
∗
ηψ = 0 for all arrows φ, ψ ∈ Q(ξ)
∗
1. Since the
only arrows in Q(ξ)1 which do not belong to Q(ξ)∗1 are the arrows αi, βi, for
i ∈ {1, . . . , r}, it is now sufficient to observe that the equalities
αiB
∗
g∗(δi)
= A∗αiνiδi = 0 and B
∗
νi
βi = νiA
∗
δi
βi = 0,
are consequences of relations (5). Summing up, we conclude that B∗η is a
non-zero element of the right (or left) socle of Λ(ξ), for any arrow η ∈ Q(ξ)∗1.
(2) It follows from Proposition 3.6 that for any arrow α ∈ Q1 we have the
equalities in Λ
αf(α)f 2(α) = cαBα = cα¯Bα¯ = α¯f(α¯)f
2(α¯).
Hence, if η is an arrow of Q1 different from νi, δi, i ∈ {1, . . . , r}, then the
following equalities hold in Λ(ξ)
ηf ∗(η)(f ∗)2(η) = c∗ηB
∗
η = c
∗
η˜B
∗
η˜ .
We note that in this case η˜ = η¯.
Assume now that η ∈ {τi, νi, δi}, for some i ∈ {1, . . . , r}. Then, by
definition of I(ξ), we have the equalities in Λ(ξ)
τif
∗(τi)(f
∗)2(τi) = τiνiδi = c
∗
τ˜i
A∗τ˜iδi = c
∗
τ˜i
B∗τ˜i ,
τiνiδi = τiβiαi + c
∗
ν˜i
τiA
∗
ν˜i
= c∗τiB
∗
τi
,
νif
∗(νi)(f
∗)2(νi) = νiδiτi = cδ˜iνiA
∗
δ˜i
= c∗νiB
∗
νi
,
νiδiτi = βiαiτi + c
∗
ν˜i
A∗ν˜iτi = c
∗
ν˜i
B∗ν˜i,
δif
∗(δi)(f
∗)2(δi) = δiτiνi = c
∗
δ˜i
A∗
δ˜i
νi = c
∗
δ˜i
B∗
δ˜i
,
δiτiνi = c
∗
τ˜i
δiA
∗
τ˜i
= c∗g∗(δi)B
∗
δi
= c∗δiB
∗
δi
.
This proves the statement (2).
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Lemma 4.8. If i ∈ {1, . . . , r}, then B∗αi is a non-zero element of the right
(respectively, left) socle of Λ(ξ).
Proof. The fact that B∗αi is a non-zero element of Λ(ξ) follows from the
defining relations. Moreover, αi is the unique arrow in Q(ξ) with source ci
and βi is the unique arrow in Q(ξ) with target ci. It follows from Proposition
4.7(1) that
B∗αiαi = αiC
∗
δi
βiαi = αiB
∗
g∗(δi)
= 0,
because g∗(δi) ∈ Q(ξ)∗1. Moreover, we have
βiB
∗
αi
= βiαiC
∗
δi
βi = νiδiC
∗
δi
βi − c
∗
ν˜i
A∗ν˜iC
∗
δi
βi.
Observe also that νiδiC∗δiβi = νiA
∗
δi
βi = B
∗
νi
βi = 0, again by (1) in Proposition
4.7, since νi ∈ Q(ξ)∗1. Now we claim that also A
∗
ν˜i
C∗δiβi = 0, and consequently
βiB
∗
αi
= 0. By definition of g∗ we have (g∗)−1(ν˜i) = τi, and there are three
cases to consider.
(a) Assume that (g∗)−1(τi) = τj for some j ∈ {1, . . . , r}. Then A∗ν˜i = ν˜i . . . τj
and C∗δi = νjδj . . . (g
∗)−1(νi). Moreover, it follows from Proposition 4.7
that the element τjνjδj = τjf ∗(τj)(f ∗)2(τj) = c∗τjB
∗
τj
belongs to the right
socle of Λ(ξ), and so A∗ν˜iC
∗
δi
βi = 0.
(b) Assume that (g∗)−1(τi) = σi is an arrow in Q1 with σ¯i virtual but not
in one of the orbits O1, . . . ,Or. Then Q(ξ) contains a subquiver of the
form
ci
αi
##●
●●
●●
●●
ui
σi
{{✇✇
✇✇
✇✇
ζi

bi
βi
;;✇✇✇✇✇✇
νi ""❊
❊❊
❊❊
❊ aiτi
oo
ρi ""❋
❋❋
❋❋
❋❋
wi
φi
cc❍❍❍❍❍❍❍
di
δi
<<①①①①①①
vi
ψi
;;✇✇✇✇✇✇✇
θi
OO
where σ¯i = ζi and ψ¯i = θi are virtual arrows of Q1, and g∗(φi) = σi,
g∗(σi) = τi, g∗(δi) = ρi and g∗(ρi) = ψi. Hence we have A∗ν˜i = ν˜i . . . φiσi
and C∗δi = ρiψi . . . (g
∗)−1(νi). Further, the following equalities hold
φiσiρiψi = cζiφiζiψi = cζiφif(φi)f
2(φi) = cζicφiB
∗
φi
.
Since B∗φi is in the right socle of Λ(ξ), we conclude that A
∗
ν˜i
C∗δiβi = 0.
(c) Finally, let (g∗)−1(τi) = σi be an arrow in Q1 for which σ¯i is not virtual.
Let also φi := (g∗)−1(σi) and ρi := g∗(δi). We note that ρi = f(σi) and
f(φi) = σ¯i is not virtual in (Q, f), and hence φiσiρi = φig(φi)f(g(φi)) =
0. Finally, we have A∗ν˜i = ν˜i . . . φiσi, while C
∗
δi
= ρi . . . (g
∗)−1(νi), and
therefore A∗ν˜iC
∗
δi
βi = 0.
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We shall now describe a basis of the virtually mutated weighted triangu-
lation algebra Λ(ξ).
Let η be an arrow in Q(ξ)1 \ {β1, . . . , βr}. Then we denote by Bη the
set of all proper initial submonomials of B∗η , and by B
c
η the set of all paths
of the form uβi, for all paths u such that uνi is a subpath of B∗η for some
i ∈ {1, . . . , r}.
Proposition 4.9. Let x be a vertex in Q(ξ)0. The following statements hold.
(1) Assume x is the starting vertex of two arrows η and η˜ in Q(ξ)∗1, which
are not virtual. Then the module exΛ(ξ) has basis of the form
Bx = Bη ∪ B
c
η ∪ Bη˜ ∪ B
c
η˜ ∪ {ex, B
∗
η}.
(2) Assume x is the starting vertex of two arrows η and η˜ in Q(ξ)∗1, and η˜
is virtual. Then the module exΛ(ξ) has basis
Bx = Bη ∪ B
c
η ∪ {ex, B
∗
η , ηf(η)}.
(3) Assume that x = ci for some i ∈ {1, . . . , r}. Then the module exΛ(ξ) has
basis
Bx = Bαi ∪ B
c
αi
∪ {ex, B
∗
αi
}.
(4) Assume that x = di for some i ∈ {1, . . . , r}. Then the module exΛ(ξ)
has basis
Bδi ∪ B
c
δi
∪ {ex, B
∗
δi
}.
Proof. It follows from the relations defining Λ(ξ), Proposition 4.7 and Lem-
mas 4.6 and 4.8.
The next aim is to determine the dimension of Λ(ξ).
For each arrow η ∈ Q(ξ)∗1, we denote
nνη = |{i ∈ {1, . . . , r} : O
∗(νi) = O
∗(η)}|.
Lemma 4.10. For each i ∈ {1, . . . , r}, we have |Bci | = |Bdi | = m
∗
δi
(n∗δi+n
ν
δi
).
Proof. Clearly |Bci| = |Bdi |. Moreover, m
∗
δi
= mδi and |Bδi | = mδin
∗
δi
− 1,
and |Bcδi | = mδin
ν
δi
− 1, hence the required equality follows.
Lemma 4.11. Let η be an arrow in Q(ξ)∗1 such that η˜ is virtual, and let
x = s(η). Then we have
|Bx| = m
∗
η(n
∗
η + n
ν
η) + 2.
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Proof. We note that m∗η = mη, |Bη| = mηn
∗
η − 1 and |B
c
η| = mηn
ν
η , so the
required equality holds by Proposition 4.9(2).
Lemma 4.12. Let x be the starting vertex of two arrows η and η˜ in Q(ξ)∗1,
which are not virtual. Then
|Bx| = m
∗
η(n
∗
η + n
ν
η) +m
∗
η˜(n
∗
η˜ + n
ν
η˜).
Proof. We have |Bη| = m∗ηn
∗
η − 1, |B
c
η| = m
∗
ηn
ν
η, |Bη˜| = m
∗
η˜n
∗
η˜ − 1 and |B
c
η˜| =
m∗η˜n
ν
η˜, and the required equality follows from Proposition 4.9.
Remark 4.13. We note that if ε is a virtual arrow of Q(ξ)∗1, thenm
∗
ε(n
∗
ε+n
ν
ε) =
mεnε = 2.
Summing up, we obtain the following theorem.
Theorem 4.14. Λ(ξ) is a finite-dimensional algebra with
dimK Λ(ξ) =
∑
η∈Q(ξ)∗1
m∗η(n
∗
η + n
ν
η).
Moreover, we have the following proposition.
Proposition 4.15. Λ(ξ) is not isomorphic to a weighted triangulation alge-
bra.
Proof. This is a consequence of the shape of the quiver Q(ξ) and relations of
type (1) in Definition 4.4 (see also Lemma 4.6).
5 Examples
In this section we present several examples of virtually mutated weighted
triangulation (surface) algebras.
Example 5.1. Let D(m, λ) = Λ(Q, f,m•, c•) be the disc algebra of degree m
described in Example 3.7. Hence (Q, f) = (Q(D,
−→
T ), f) and we have two
g-orbits O(α) = (α β γ ν δ ρ) = O(ν) and O(ξ) = (ξ µ), where ξ and µ are
unique virtual arrows. We take ξ as the chosen element of the orbit O(ξ).
Then the virtually mutated algebra
D(m, λ, ξ) = Λ(ξ) = Λ(Q, f,m•, c•, ξ)
is the algebra given by the quiver Q(ξ) of the form
2
α
ww♦♦♦
♦♦♦
♦♦♦
♦
ρ
88
γ
ff1 τ
// 3
νww♦♦♦
♦♦♦
♦♦♦
♦
β
gg❖❖❖❖❖❖❖❖❖❖
4
δ
gg❖❖❖❖❖❖❖❖❖❖
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and the relations:
νδ = βα + λ(γνδρτ)m−1γνδρ, ατ = 0, τβ = 0,
τν = λ(ρτγνδ)m−1ρτγν, δτ = λ(δρτγν)m−1δρτγ,
ρ2 = λ(τγνδρ)m−1τγνδ, γ2 = λ(νδρτγ)m−1νδρτ,
ρ2τ = 0, γ2ν = 0, δτγ = 0,
δρ2 = 0, τγ2 = 0, ρτν = 0.
We note the following consequences of those relations:
ρ3 = λ(τγνδρ)m = λ(ρτγνδ)m = τνδ,
γ3 = λ(γνδρτ)m = λ(νδρτγ)m = νδτ,
βαρ = νδρ, γβα = γνδ.
We observe that, according to Proposition 4.9, D(m, λ, ξ) has the basis Bξ =
Bξ1 ∪ B
ξ
2 ∪ B
ξ
3 ∪ B
ξ
4 given by the sets
Bξ1 = {(ρτγνδ)
rρ, (ρτγνδ)rρτ, (ρτγνδ)rρτγ, (ρτγνδ)rρτγβ, (ρτγνδ)rρτγν}06r6m−1
∪{(τγνδρ)rτ, (τγνδρ)rτγ, (τγνδρ)rτγβ, (τγνδρ)rτγν, (τγνδρ)rτγνδ}06r6m−1
∪
{
e1, (ρτγνδ)
s, (τγνδρ)t
}
16s6m,16t6m−1
,
Bξ2 = {α(ρτγνδ)
r, α(ρτγνδ)rρ, α(ρτγνδ)rρτ, α(ρτγνδ)rρτγ}16r6m−1
∪
{
e2, α(ρτγνδ)
sρτγβ, α(ρτγνδ)t−1ρτγν
}
06s6m−1,16t6m−1
,
Bξ3 = {(γνδρτ)
rγ, (γνδρτ)rγβ, (γνδρτ)rγν, (γνδρτ)rγνδ, (γνδρτ)rγνδρ}06r6m−1
∪{(νδρτγ)rβ, (νδρτγ)rν, (νδρτγ)rνδ, (νδρτγ)rνδρ, (νδρτγ)rνδρτ}06r6m−1
∪
{
e3, (γνδρτ)
s, (νδρτγ)t
}
16s6m,16t6m−1
,
Bξ4 = {δ(ρτγνδ)
r, δ(ρτγνδ)rρ, δ(ρτγνδ)rρτ, δ(ρτγνδ)rρτγ}06r6m−1
∪
{
e4, δ(ρτγνδ)
sρτγν, δ(ρτγνδ)t−1ρτγβ
}
06s6m−1,16t6m−1
.
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In particular, the Cartan matrix CD(m,λ,ξ) of D(m, λ, ξ) is of the form

4m 2m 4m 2m
2m m+ 1 2m m− 1
4m 2m 4m 2m
2m m− 1 2m m+ 1

 .
and dimK D(m, λ, ξ) = 36m.
We also note that, for the choice µ ∈ O(ξ), the algebra D(m, λ, µ) is
isomorphic to D(m, λ, ξ).
Example 5.2. Let (Q, f) be the triangulation quiver
1
αyyttt
tt
tt
tt
ǫ

ρ
ff5
µ
//
δ
11
2
ξoo
β
%%❏❏
❏❏
❏❏
❏❏
❏ 4
σ
ee❏❏❏❏❏❏❏❏❏
3ν
ff
γ
99ttttttttt
with f -orbits (α ξ δ), (β ν µ), (ǫ γ σ) and (ρ). Then for the associated
permutation g = f¯ we have orbits
O(α) = (α β γ ρ σ), O(ν) = (ν δ ǫ), O(ξ) = (ξ µ).
Let m ∈ N∗ and λ ∈ K∗. We consider the weight function m• : O(g) →
N
∗ and the parameter function c• : O(g)→ K∗ given by
mO(α) = m, mO(ν)=1, mO(ξ) = 1,
cO(α) = λ, cO(ν)=1, cO(ξ) = 1.
Then the associated weighted triangulation algebraA = A(m, λ) = Λ(Q, f,m•, c•)
is given by its Gabriel quiver QA of the form
1
αyyttt
tt
tt
tt
ǫ

ρ
ff5
δ
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐ 2
β
%%❏❏
❏❏
❏❏
❏❏
❏ 4
σ
ee❏❏❏❏❏❏❏❏❏
3
ν
jj❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯ γ
99ttttttttt
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and the relations:
βνδ = λ(βγρσα)m−1βγρσ, αβν = ǫν,
νδα = λ(γρσαβ)m−1γρσα, δαβ = δǫ,
ǫγ = λ(αβγρσ)m−1αβγρ, γσ = νδ,
σǫ = λ(ρσαβγ)m−1ρσαβ, ρ2σ = 0,
ρ2 = λ(σαβγρ)m−1σαβγ, γρ2 = 0,
αβνδα = 0, βνδǫ = 0, νδαβν = 0, δαβγ = 0,
ǫγρ = 0, σǫν = 0, ǫνδα = 0, σαβν = 0,
βνδαβ = 0, δαβνδ = 0.
Observe that we have no zero relations of the shape
δαβ = δf(δ)g(f(δ)) = 0, because f 2(δ) = ξ is virtual,
βνδ = βf(β)g(f(β)) = 0, because f 2(β) = µ is virtual,
γσα = γf(γ)g(f(γ)) = 0, because f(γ¯) = µ is virtual and mγ¯ = 1, nγ¯ = 3,
αβν = αg(α)f(g(α)) = 0, because f(α) = ξ is virtual,
νδα = νg(ν)f(g(ν)) = 0, because f(ν) = µ is virtual,
βγσ = βg(β)f(g(β)) = 0, because f 2(β) = µ is virtual and mf(β) = 1, nf(β) = 3.
We also observe that γσα = νδα and βγσ = βνδ. Moreover, dimK A(m, λ) =
m · 52 + 32 + 22 = 25m+ 13. In fact, the Cartan matrix CA(m,λ) of A(m, λ)
is of the form 

m+ 1 m m+ 1 2m 1
m m+ 1 m 2m 1
m+ 1 m m+ 1 2m 1
2m 2m 2m 4m 0
1 1 1 0 2

 .
We now take O = O(ξ) and consider two virtually mutated algebras with
respect to two possible choices of elements from O.
(1) Let first A(ξ) = A(m, λ, ξ) = Λ(Q, f,m•, c•, ξ). Then the algebra
A(ξ) is given by the quiver Q(ξ) of the form
1
ǫ

τ

ρ
ff5
δ
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐ 2
α
99ttttttttt
4
σ
ee❏❏❏❏❏❏❏❏❏
3
ν
jj❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯ γ
99ttttttttt
β
ee❏❏❏❏❏❏❏❏❏
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and the relations:
νδ = βα+ λ(γρστ)m−1γρσ, τν = ǫν, δτ = δǫ,
ατ = 0, τβ = 0, γσ = νδ, ǫγ = λ(τγρσ)m−1τγρ,
σǫ = λ(ρστγ)m−1ρστ, ρ2 = λ(στγρ)m−1στγ,
δτγ = 0, ǫγρ = 0, σǫν = 0, ρ2σ = 0,
δǫγ = 0, τγρ = 0, γρ2 = 0, ρσǫ = 0.
The Cartan matrix CA(ξ) of A(ξ) is of the form

m+ 1 1 m+ 1 2m 1
1 2 1 0 0
m+ 1 1 m+ 1 2m 1
2m 0 2m 4m 0
1 0 1 0 2

 .
Moreover, we have dimK A(ξ) = 16m+ 16.
(2) Now, consider A(µ) = A(m, λ, µ) = Λ(Q, f,m•, c•, µ). Then A(µ) is
given by the quiver Q(µ) of the form
1
αyyttt
tt
tt
tt
ǫ

δ
tt✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐✐✐
✐
ρ
ff5
ν
**❯❯❯
❯❯❯❯
❯❯❯❯
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❯❯ 2
β
%%❏❏
❏❏
❏❏
❏❏
❏ 4
σ
ee❏❏❏❏❏❏❏❏❏
3
γ
99ttttttttt
τ
OO
and the relations (we note that mνnν = 3):
αβ = δν + c∗α˜A
∗
α˜ = δν + A
∗
ǫ = δν + ǫ,
τα = c∗τ˜A
∗
τ˜ = cγA
∗
γ = λ(γρσαβ)
m−1γρσα,
βτ = cβA
∗
β = λ(βγρσα)
m−1βγρσ,
τδ = 0, ντ = 0,
ǫγ = λ(αβγρσ)m−1αβγρ, σǫ = λ(ρσαβγ)m−1ρσαβ,
γσ = c∗γ˜A
∗
γ˜ = c
∗
τA
∗
τ = τ,
ρ2 = λ(σαβγρ)m−1σαβγ,
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σǫτ = 0, ǫγρ = 0, ρ2σ = 0,
τǫγ = 0, ǫτδ = 0, γρ2 = 0, ρσǫ = 0.
In particular, we have ǫ = αβ − δν and τ = γσ. Hence A(µ) is given by its
Gabriel quiver
1
αyyttt
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tt
ttδ
tt✐✐✐✐
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✐✐✐✐
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ρ
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β
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σ
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3
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99ttttttttt
and the following relations:
γσα = λ(γρσαβ)m−1γρσα, βγσ = λ(βγρσα)m−1βγρσ,
γσδ = 0, νγσ = 0, αβγ = δνγ + λ(αβγρσ)m−1αβγρ,
σαβ = σδν + λ(ρσαβγ)m−1ρσαβ, ρ2 = λ(σαβγρ)m−1σαβγ,
σαβγσ = 0, αβγρ = δνγρ, ρ2σ = 0,
γσαβγ = 0, αβγσδ, γρ2 = 0, ρσαβ = ρσδν.
The Cartan matrix CA(µ) of A(µ) is of the form

m+ 1 m m+ 1 2m m
m m+ 1 m 2m m− 1
m+ 1 m m+ 1 2m m
2m 2m 2m 4m 2m
m m− 1 m 2m m+ 1

 .
In particular, dimK A(µ) = 36m+ 4.
We note that the algebras A(ξ) and A(µ) are not isomorphic, since their
Gabriel quivers are different, as well as their dimensions never coincide.
Example 5.3. (Virtually mutated generalized spherical algebras).
We considerthe following triangulation T (2) of the sphere S2 in R3
• •
•
•
11
2
3
4
5 6
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and the coherent orientation
−−→
T (2) of triangles in T (2): (1 2 5), (2 3 5), (3 4 6)
and (4 1 6). Then the associated triangulation quiver (Q, f) = (Q(S2,
−−→
T (2)), f)
is of the form
1
α
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞
ρ
$$❏
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❏❏
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❏❏
❏❏
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❏❏
❏❏
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with f -orbits (α ξ δ), (β ν µ), (γ η ω), (σ ρ ζ). Then the the permutation
g = f¯ has four orbits
O(α) = (α β γ σ), O(ρ) = (ρ ω ν δ), O(ξ) = (ξ µ), O(η) = (η ζ).
Let m,n ∈ N∗ and a, b ∈ K∗. We define the weight function m• : O(g)→ N∗
and the parameter function c• : O(g)→ K∗ such that
mO(α) = m, mO(ρ) = n, mO(ξ) = 1, mO(η) = 1,
cO(α) = a, cO(ρ) = b, cO(ξ) = 1, cO(η) = 1.
Hence the orbits O(ξ) and O(η) consist of virtual arrows. Moreover, if m =
n = 1, then we assume that ab 6= 1 (see [19, Example 3.6]). We consider
the associated triangulation algebra S(m,n, a, b) = Λ(Q, f,m•, c•), and call
it a generalized spherical algebra. Note that S(1, 1, a, b) is isomorphic to the
non-singular spherical algebra S(ab) introduced in [19].
The algebra S(m,n, a, b) is given by its Gabriel quiver QS of the form
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and the relations
αβν = b(ρωνδ)n−1ρων, βνδ = a(βγσα)m−1βγσ,
δαβ = b(δρων)n−1δρω, νδα = a(γσαβ)m−1γσα,
γσρ = b(νδρω)n−1νδρ, σρω = a(σαβγ)m−1σαβ,
ωγσ = b(ωνδρ)n−1ωνδ, ρωγ = a(αβγσ)m−1αβγ,
αβνδα = 0, βνδρ = 0, νδαβν = 0, δαβγ = 0,
γσρωγ = 0, σρων = 0, ρωγσρ = 0, ωγσα = 0,
βγσρ = 0, σαβν = 0, δρωγ = 0, ωνδα = 0,
βνδαβ = 0, δαβνδ = 0, σρωγσ = 0, ωγσρω = 0.
Moreover, a minimal set of relations defining S(m,n, a, b) is given by the
above eight commutativity relations and the four zero relations:
βνδρ = 0, δαβγ = 0, σρων = 0, ωγσα = 0.
Further, we have
dimK S(m,n, a, b) = 16m+ 16n+ 4 + 4 = 16(m+ n) + 8.
We shall now show some representative families of virtually mutated al-
gebras of S(m,n, a, b).
(1) Let O = O(ξ) and ξ be the chosen element of O. We use the following
notation
S(m,n, a, b, ξ) := Λ(Q, f,m•, c•, ξ).
We note that s(ξ) = 2. The algebra S(m,n, a, b, ξ) is given by the quiver
Q(ξ) of the form
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and the relations:
νδ = βα + a(γστ)m−1γσ, ατ = 0, τβ = 0,
τν = b(ρωνδ)n−1ρων, δτ = b(δρων)n−1δρω,
γσρ = b(νδρω)n−1νδρ, σρω = a(στγ)m−1στ,
ωγσ = b(ωνδρ)n−1ωνδ, ρωγ = a(τγσ)m−1τγ,
δτγ = 0, ρωγσρ = 0, γσρωγ = 0,
δρωγ = 0, τγσρ = 0, στν = 0.
It follows from Theorem 4.14 that
dimK S(m,n, a, b, ξ) = 9m+ 25n+ 4.
In particular, we have
dimK S(1, n, a, b, ξ) = 25n+ 13, and
dimK S(m, 1, a, b, ξ) = 9m+ 29.
(2) Let O1 = O(ξ) and O2 = O(η) and (ξ, η) be the chosen element of
O1 ×O2. We set
S(m,n, a, b, ξ, η) := Λ(Q, f,m•, c•, (ξ, η)).
Then obviously s(ξ) = 2 = t(α), s(η) = 4 = t(γ) and α, γ belong to the
same g-orbit. The algebra S(m,n, a, b, ξ, η) is given by the quiver Q(ξ, η)
of the form
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and the relations:
νδ = βα + a(ǫτ)m−1ǫ, ατ = 0, τβ = 0,
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τν = b(ρωνδ)n−1ρων, δτ = b(δρων)n−1δρω,
ρω = σγ + a(τǫ)m−1τ, γǫ = 0, ǫσ = 0,
ǫρ = b(νδρω)n−1νδρ, ωǫ = b(ωνδρ)n−1ωνδ,
τǫρ = 0, ǫτν = 0.
Moreover, it follows from Theorem 4.14 that
dimK S(m,n, a, b, ξ, η) = 4m+ 36n.
Note that if m > 2 then the above quiver is the Gabriel quiver of
S(m,n, a, b, ξ, η).
Now, assume that m = 1. Then we have the equalities νδ = βα+aǫ and
ρω = σγ + aτ , so τ, ǫ are not occurring in the Gabriel quiver, and hence
S(1, n, a, b, ξ, η) is given by a quiver isomorphic to QS and the following
relations:
ρων = σγν + ab(ρωνδ)n−1ρων, αρω = ασγ,
δρω = δσγ + ab(δρων)n−1δρω, ρωβ = γσβ,
νδρ = βαρ+ ab(νδρω)n−1νδρ, γνδ = γβα,
ωνδ = ωβα+ ab(ωνδρ)n−1ωνδ, νδσ = βασ,
(ρωνδ)nρ = 0, (νδρω)nν = 0.
We observe that the last two zero relations are consequences of the zero
relations of the form (ρω−σγ)(νδ−βα)ρ = 0, (νδ−βα)(ρω−σγ)ν = 0,
and some of the above relations. Therefore, we conclude that, for n > 2
and λ = ab, the algebra S(1, n, a, b, ξ, η) is isomorphic to the so called
higher spherical algebra S(n, λ) investigated in [20].
(3) Let now O1 and O2 be as in previous case (2), but take (ξ, ζ) as the
chosen element of O1 ×O2. We consider the virtually mutated algebra
S(m,n, a, b, ξ, ζ) := Λ(Q, f,m•, c•, (ξ, ζ)).
Note that s(ξ) = 2 = t(α) and s(ζ) = 6 = t(ω) and α, ω belong to
different g-orbits in (Q, f). The algebra S(m,n, a, b, ξ, ζ) is given by the
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quiver Q(ξ, ζ) of the form
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and the relations:
νδ = βα + a(γστ)m−1γσ, ατ = 0, τβ = 0,
γσ = ρω + b(νδǫ)n−1νδ, ρǫ = 0, ǫω = 0,
τν = b(ǫνδ)n−1ǫν, δτ = b(δǫν)n−1δǫ,
ǫγ = a(τγσ)m−1τγ, σǫ = a(στγ)m−1στ,
δǫγ = 0, στν = 0.
Applying Theorem 4.14, we conclude that
dimK S(m,n, a, b, ξ, ζ) = 16(m+ n).
6 Proof of Main Theorem
Let Λ = Λ(Q, f,m•, c•) be a weighted triangulation algebra. For each vertex
i of the quiver Q, we denote by Pi = eiΛ the associated projective module in
modΛ. Moreover, for any arrow θ from j to k in Q, we identify θ with the
homomorphism θ : Pk → Pj in modΛ given by the left multiplication by θ.
Assume that O(g) contains a family O1, . . . ,Or of orbits with |Oi| = 2
and mOi = 1, for any i ∈ {1, . . . , r}, and ξ = (ξ1, . . . , ξr) ∈ O1× · · ·×Or. In
Section 4 we defined the virtual mutation Λ(ξ) = Λ(Q, f,m•, c•, ξ) of Λ with
respect to the sequence ξ of virtual arrows. We use the notation established
in Section 4. In particular, for each i ∈ {1, . . . , r}, the triangulation quiver
(Q, f) contains a subquiver of the form
ci
βi
&&▲▲
▲▲▲
▲▲▲
▲
ξi

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88rrrrrrrrr
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νiyysss
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di
δi
ee❑❑❑❑❑❑❑❑❑
µi
OO
33
with f -orbits (αi ξi δi) and (βi νi µi), and Oi = (ξi µi). We also note that in
the Gabriel quiver QΛ of Λ the virtual arrows do not occur, and hence QΛ
has subquivers
ci
βi
&&▲▲
▲▲▲
▲▲▲
▲
ai
αi
88rrrrrrrrr
bi
νiyysss
sss
sss
di
δi
ee❑❑❑❑❑❑❑❑❑
where αi is the unique arrow of QΛ with target ci and βi is the unique arrow
of QΛ with source ci, for i ∈ {1, . . . , r}. We consider the decomposition
ΛΛ = P
′ ⊕ P ′′ in modΛ, where
P ′ =
r⊕
i=1
Pci ⊕
⊕
x∈Q0\{c1,...,cr}
Px.
Moreover, we consider the following complexes in the homotopy category
Kb(PΛ) of projective modules modules in modΛ:
T ξx : 0
// Px // 0
concentrated in degree 0, for all vertices x ∈ Q0 different from c1, . . . , cr, and
T ξci : 0
// Pci
αi // Pai
// 0
concentrated in degrees 1 and 0, for all i ∈ {1, . . . , r}. We also set
T ξ =
⊕
x∈Q0
T ξx .
Lemma 6.1. T ξ is a tilting complex in Kb(PΛ).
Proof. Let α :
⊕r
i=1 Pci →
⊕r
i=1 Pai be the diagonal homomorphism given
by the homomorphisms αi : Pci → Pai . Since αi is the unique arrow in QΛ
ending at ci, for any i ∈ {1, . . . , r}, we conclude that α is a left add(P ′′)-
approximation of P ′, so T ξ is indeed a tilting complex in Kb(PΛ), by Propo-
sition 2.5.
We define Γ = Γ(ξ) := EndKb(PΛ)(T
ξ). The following theorem is a direct
consequence of Theorems 2.2, 2.3, 2.4 and 3.4.
Theorem 6.2. The following statements hold.
(1) Γ(ξ) is a finite-dimensional symmetric algebra.
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(2) Γ(ξ) is a representation-infinite tame algebra.
(3) Γ(ξ) is a periodic algebra of period 4.
We shall prove now that the algebras Λ(ξ) and Γ(ξ) are isomorphic.
Observe first that P˜x = HomKb(PΛ)(T
ξ, T ξx), x ∈ Q0, form a complete fam-
ily of pairwise non-isomorphic indecomposable projective modules in modΓ.
Moreover, we define the following morphisms in Kb(PΛ) between indecom-
posable direct summands of T ξ:
α˜i : T
ξ
ai
→ T ξci given by id : Pai → Pai,
β˜i : T
ξ
ci
→ T ξbi given by νiδi − cγiA
′
γi
: Pai → Pbi ,
τ˜i : T
ξ
bi
→ T ξai given by αiβi : Pbi → Pai,
for all i ∈ {1, . . . , r}, and
η˜ : T ξ
t(η) → T
ξ
s(η) given by η : Pt(η) → Ps(η),
for any arrow η ∈ Q1 different from the arrows αi, βi, i ∈ {1, . . . , r}.
Then applying covariant functor HomKb(PΛ)(T
ξ,−) to above morphisms,
we obtain the following homomorphisms between indecomposable projective
modules in modΓ:
αi = HomKb(PΛ)(T
ξ, α˜i) : P˜ai → P˜ci,
βi = HomKb(PΛ)(T
ξ, β˜i) : P˜ci → P˜bi,
τi = HomKb(PΛ)(T
ξ, τ˜i) : P˜bi → P˜ai ,
for all i ∈ {1, . . . , r}, and
η = HomKb(PΛ)(T
ξ, η˜) : P˜t(η) → P˜s(η),
for any arrow η ∈ Q1 different from αi, βi, i ∈ {1, . . . , r}. We observe also
that these homomorphisms correspond to the arrows of the quiver Q(ξ) defin-
ing the algebra Λ(ξ).
We will identify the homomorphisms αi, βi, τi and η with the elements
of eci(rad Γ)eai , ebi(rad Γ)eci, eai(radΓ)ebi and es(η)(radΓ)et(η), respectively,
corresponding to them. We note the following obvious fact.
Lemma 6.3. The elements αi, βi, τi, i ∈ {1, . . . , r}, and η ∈ Q1, different
from αi, βi, i ∈ {1, . . . , r}, generate rad Γ.
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In the next proposition we use notation established for definition of the
algebra Λ(ξ).
Proposition 6.4. The relations (1)-(5) defining the algebra Λ(ξ) hold also
in Γ(ξ).
Proof. (1) We fix i ∈ {1, . . . , r} and prove that relations from (1) hold in
three steps. First, we prove that the equality νiδi = βiαi + c∗ν˜iA
∗
ν˜i
holds.
Indeed, we have ν˜i = γi, so c∗ν˜i = cγi , and moreover
O(αi) = (αi βi γi . . . g
nγi−3(γi)),
hence O∗(τi) = (τi γi . . . (g∗)−1(τi)). It is easy to see that A∗γi is obtained from
A′γi by replacing all paths of the form αjβj by τj , j ∈ {1, . . . , r}. Further, βiαi
in Γ(ξ) is identified with the map T ξai → T
ξ
bi
given by viδi−cγiA
′
γi
: Pai → Pbi.
It is now clear that the equality βiαi = νiδi − c∗γiA
∗
γi
holds in Γ(ξ), so we are
done (note that τj as an element of Γ(ξ) is identified with the map T
ξ
bj
→ T ξaj
given by αjβj : Pbj → Paj ).
Since αiτi in Γ is identified with the map α˜iτ˜i : T
ξ
bi
→ T ξci given by
αiβi : Pbi → Pai (in degree 0), we deduce that αiτi = 0 in Γ, because α˜iτ˜i is
homotopic to zero, as it is given by the homomorphism which factors through
αi.
The equality τiβi = 0 holds in Γ, because τ˜iβ˜i is given by αiβi(νiδi −
cγiA
′
γi
) : Pai → Pai and we have also the following equalities in Λ
αiβiνiδi = αiξiδi = cβiαiAβi = cβiBαi = cγiαiβiA
′
γi
.
(2) Let η be an arrow in Q(ξ)∗1 different from νi. Then η = τi or η = δi (for
i ∈ {1, . . . , r}) or η is an arrow of Q1 different from αi, βi, νi, δi, i ∈ {1, . . . , r}.
If η = τi, i ∈ {1, . . . , r}, then ηf ∗(η) = τiνi and we have the equalities in
Λ
αiβiνi = αiξi = αif(αi) = cα¯iAα¯i = cρiAρi .
Moreover, ρi = τ˜i, cρ = c∗τ˜i , and A
∗
τ˜i
is obtained from Aρi by replacing all
paths αjβj by τj , j ∈ {1, . . . , r}. Since τi is identified with αiβi in Λ, we
conclude that the required equality ηf ∗(η) = c∗η˜A
∗
η˜ holds in Γ.
For η = δi, i ∈ {1, . . . , r}, we have ηf ∗(η) = δiτi and the following
equalities hold in Λ
δiαiβi = µiβi = µif(µi) = cµ¯iAµ¯i = cδiAδi ,
because µ¯i = δi. Observe also that δ˜i = δi, and A∗δi is obtained from Aδi by
replacing all paths αjβj by τj , for j ∈ {1, . . . , r}. Hence the required equality
ηf ∗(η) = c∗η˜A
∗
η˜ holds in Γ, because τi is given by αiβi.
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Finally, assume that η is in Q1 and different from αi, βi, νi, δi. Then also
f(η) ∈ Q1 is different from all these arrows, and the equality ηf(η) = cη¯Aη¯
holds in Λ. Moreover, if η = ρi, i ∈ {1, . . . , r}, then η˜ = τi 6= η¯ = αi, and
otherwise η˜ = η¯, and in both cases we have f ∗(η) = f(η). Note that then
A∗η˜ = Aη¯ or A
∗
η˜ is obtained from Aη¯ by similar replacement as above, so the
required equality ηf ∗(η) = c∗η˜A
∗
η˜ holds.
(3) Let η = δi for some i ∈ {1, . . . , r}. Then we have f ∗(η) = τi, and
g∗(τi) = γi or g∗(τi) = τj for some j ∈ {1, . . . , r}. If g∗(τi) = γi, then we have
the equalities
ηf ∗(η)g∗(f ∗(η)) = δiτiγi = δiαiβiγi = µiβiγi = µif(µi)g(f(µi)) = 0.
For g∗(τi) = τj , the following equalities hold
ηf ∗(η)g∗(f ∗(η)) = δiτiτj = δiαiβiαjβj = µiβiαjβj = µif(µi)g(f(µi))βj = 0.
Therefore ηf ∗(η)g∗(f ∗(η)) = 0 holds for η = δi.
Now assume η is an arrow in Q1 such that f 2(η) is not virtual and f(η¯) is
not virtual if mη¯ = 1 and nη¯ = 3. Moreover, let η be different from νi, τi, i ∈
{1, . . . , r}. Clearly, then we have f ∗(η) = f(η). If also g∗(f(η)) = g(f(η)),
then ηf ∗(η)g∗(f ∗(η)) = ηf(η)g(f(η)) = 0, because it is one of relations
defining Λ. Assume that g∗(f(η)) 6= g(f(η)). This is the case only when
g∗(f(η)) = τi for some i ∈ {1, . . . , r}, and hence f(η) = f−1(αi) = σi and
η = f−1(σi) = f(ρi). But then we have
ηf ∗(η)g∗(f ∗(η)) = ησiτi = ησiαiβi = ηf(η)g(f(η))βi = 0,
because of the relations defining Λ and restrictions imposed on η.
(4) Assume η is an arrow in Q(ξ)∗1 different from (g
∗)−1(νi), νi, and τi
with mνinνi = 3, for i ∈ {1, . . . , r}, and η ∈ Q1 such that f(η) is virtual or
f 2(η) is virtual with mf(η) = 1 and nf(η) = 3. In particular, if g∗(η) = g(η)
and f ∗(g∗(η)) = f(g(η)), then ηg∗(η)f ∗(g∗(η)) = ηg(η)f(g(η)) = 0, by the
restrictions imposed on η and the zero relations defining Λ.
If g∗(η) 6= g(η), that is g∗(η) = τi for some i ∈ {1, . . . , r}, then
ηg∗(η)f ∗(g∗(η)) = ητiνi = ηαiβiνi = ηαiξi = ηg(η)f(g(η)) = 0.
Assume now that η = τi for some i ∈ {1, . . . , r}. Then g∗(η) = γi or
g∗(η) = τj for some j ∈ {1, . . . , r}. Suppose g∗(η) = γi. Then we have
ηg∗(η)f ∗(g∗(η)) = τiγif(γi) = αiβiγif(γi) = 0,
because βiγif(γi) = βig(βi)f(g(βi)) = 0, due to assumptions imposed on τi.
If g∗(τi) = τj , then
ηg∗(η)f ∗(g∗(η)) = τiτjνj = αiβiαjβjνj = αiβiαjξj = cνiαiβiAνi =
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= cνiαiβiνiδig(δi) . . . νj = cνiαiξiδig(δi) . . . νj = cνicαiBαig(δi) . . . νj = 0,
because Bαi belongs to socΛ.
(5) Fix i ∈ {1, . . . , r}. We first prove that A∗αiνi = 0 in Γ. We recall
that A∗αi = αiC
∗
δi
, where A∗δi = δiC
∗
δi
. Hence A∗αiνi = αiC
∗
δi
νi = αiA
∗
g(δi)
.
Moreover, we have in Λ the equality A∗g(δi) = c
−1
g(δi)
(cg(δi)Ag(δi)) = c
−1
g(δi)
αiξi.
Further, α˜i : T ξai → T
ξ
ci
is given by identity on Pai (in degree 0), so the
morphism α˜iA˜g(δ) : T
ξ
di
→ T ξci is zero in K
b(PΛ), since A∗g(δi) factors through
αi. Therefore, the required equality A∗αiνi = 0 holds in Γ.
In the next step we show that A∗δiβi = 0 in Γ. Recall that β˜i : T
ξ
ci
→ T ξbi is
given by νiδi − cγiA
′
γi
: Pai → Pbi. We also have in Λ the following equalities
Aδiνiδi = Bδiδi = 0, because element Bδi is in the right socle of Λ. We claim
that also AδiA
′
γi
= 0 holds in Λ. We will proceed in three cases.
(a) Assume thatmνinνi = 3. ThenAδi = δig(δi) and δig(δi)γi = δig(δi)f(g(δi)) =
0, since f(δi) = αi is not virtual. Clearly then AδiA
′
γi
= 0.
(b) Next, assume that mνinνi > 4 with ω¯i not virtual. Hence we have
O(δi) = (δi ρi . . . ωi νi) and Aδi = δiρi . . . ωi. In this case g
−1(ωi)ωiγi =
g−1(ωi)ωif(ωi) = 0 holds in Λ, because f(g−1(ωi)) = ω¯i is assumed not
virtual, and consequently, AδiA
′
γi
= 0.
(c) Finally, let mνinνi > 4 and ω¯i is virtual. Then we have in (Q, f) a
subquiver of the form
ci
βi
&&▲▲
▲▲▲
▲▲▲
▲
ξi

xi
φi=g(γi)
&&▲▲
▲▲
▲▲
▲▲
ηi

ai
αi
88rrrrrrrrr
bi
νiyysss
sss
sss
γi
88rrrrrrrr
zi
ψi=g−1(ωi)yysss
ss
ss
ss
di
δi
ee❑❑❑❑❑❑❑❑❑
µi
OO
yi
ωi
ee❑❑❑❑❑❑❑❑❑
ζi
OO
Moreover, we have A′γi = γiφi . . . σi and Aδi = δi . . . ψiωi. Observe also
that ψiωiγiφi = cζiψiζiφi = cζiψif(ψi)f
2(ψi) = cζicψiBψi, by Proposition
3.6. Hence, if mγinγi > 5 or mνinνi > 5, we obtain AδiA
′
γi
= 0, since Bψi
is an element of socle. Therefore, it remains to consider case mγinγi =
4 = mνinνi . Clearly, then mγi = mνi = 1, nγi = nνi = 4 and zi = ai,
because we have two pairs of virtual arrows. But this implies Aδi = δiψiγi
and A′γi = γiφi, so we conclude that
AδiA
′
γi
= δiψiωiγiφi = cζicψiδiBψi = 0.
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Theorem 6.5. The algebras Λ(ξ) and Γ(ξ) are isomorphic.
Proof. It follows from Theorem 6.2 that Γ(ξ) is a finite-dimensional symmet-
ric algebra. Moreover, by Lemma 6.3 and Proposition 6.4 we conclude that
the Gabriel quivers QΛ(ξ) and QΓ(ξ) coincide, and the relations defining Λ(ξ)
are satisfied in Γ(ξ). Hence Γ(ξ) is an epimorphic image of the algebra Λ(ξ).
Finally, bacause Γ(ξ) is symmetric, we may then conclude, as in Proposi-
tion 4.9, that Γ(ξ) has the same basis as Λ(ξ), so dimK Λ(ξ) = dimK Γ(ξ).
Therefore, Λ(ξ) and Γ(ξ) are indeed isomorphic as K-algebras.
Concluding, the proof of Main Theorem is now complete.
For each vertex x ∈ Q(ξ)0 = Q0, we denote by P ξx the indecomposable
projective module exΛ(ξ) in modΛ(ξ) at x. Consider the following complexes
in the homotopy category Kb(PΛ(ξ)) of projective modules in modΛ(ξ):
Tˆ ξx : 0
// P ξx
// 0
concentrated in degree 0, for all vertices x 6= c1, . . . , cr, and
Tˆ ξci : 0
// P ξci
βi // P ξbi
// 0
concentrated in degrees 1 and 0, for all i ∈ {1, . . . , r}. We set
Tˆ ξ :=
⊕
x∈Q(ξ)0
Tˆ ξx .
Moreover, let
Pˆ ′ =
r⊕
i=1
P ξci and Pˆ
′′ =
⊕
x∈Q(ξ)0\{c1,...,cr}
P ξx .
Let β :
⊕r
i=1 P
ξ
ci
→
⊕r
i=1 P
ξ
bi
be the diagonal homomorphism given by the
homomorphisms βi : P ξci → P
ξ
bi
. Then β is a left add(Pˆ ′′)-apprroximation of
Pˆ ′ in modΛ(ξ), since βi is the unique arrow in Q(ξ) ending at ci, for any
i ∈ {1, . . . , r}. Hence, applying Proposition 2.5, we obtain that Tˆ ξ is a tilting
complex in Kb(PΛ(ξ)). We define
Λˆ(ξ) = EndKb(PΛ(ξ))(Tˆ
ξ).
Theorem 6.6. The algebras Λ and Λˆ(ξ) are isomorphic.
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Proof. We observe that Pˆx = HomKb(PΛ(ξ))(Tˆ
ξ, Tˆ ξx), x ∈ Q0, form a com-
plete family of pairwise non-isomorphic indecomposable projective modules
in mod Λˆ(ξ). We define the following morphisms between indecomposable
summands of Tˆ ξ in Kb(PΛ(ξ)):
αˆi : Tˆ
ξ
ci
→ Tˆ ξai , given by τi : P
ξ
bi
→ P ξai ,
βˆi : Tˆ
ξ
bi
→ Tˆ ξci, given by id : P
ξ
bi
→ P ξbi ,
ǫˆi : Tˆ
ξ
ai
→ Tˆ ξbi, given by βiαi : P
ξ
ai
→ P ξbi,
for all i ∈ {1, . . . , r}, and
ηˆ : Tˆ ξ
t(η) → Tˆ
ξ
s(η), given by η : P
ξ
t(η) → P
ξ
s(η),
for any arrow η ∈ Q(ξ)1 different from the arrows αi, βi, i ∈ {1, . . . , r}. We
obtain then the homomorphisms between indecomposable projective modules
in mod Λˆ(ξ):
αi = HomKb(PΛ(ξ))(Tˆ
ξ, αˆi) : Pˆci → Pˆai ,
βi = HomKb(PΛ(ξ))(Tˆ
ξ, βˆi) : Pˆbi → Pˆci,
ǫi = HomKb(PΛ(ξ))(Tˆ
ξ, ǫˆi) : Pˆai → Pˆbi ,
for all i ∈ {1, . . . , r}, and
η = HomKb(PΛ(ξ))(Tˆ
ξ, ηˆi) : Pˆt(η) → Pˆs(η),
for any arrow η ∈ Q(ξ)1 different from αi, βi, i ∈ {1, . . . , r}. Recall that we
have in Λ(ξ) the relations:
νiδi = βiαi + cν˜iA
∗
ν˜i
, αiτi = 0, τiβi = 0,
τiνi = cτ˜iA
∗
τ˜i
, δiτi = cδiA
∗
δi
,
for all i ∈ {1, . . . , r}. Moreover, we have in Kb(PΛ(ξ)) the equalities τˆi = αˆiβˆi,
ǫˆiαˆi = 0 and βˆiǫˆi = 0, for any i ∈ {1, . . . , r}. Note that ǫi is not irreducible,
so there is no arrow in QΛˆ(ξ) corresponding to ǫi, for any i ∈ {1, . . . , r}.
Consider the quiver Qˆ(ξ) = (Qˆ(ξ)0, Qˆ(ξ)1, s, t) defined as follows. We
take Qˆ(ξ)0 = Q(ξ)0 = Q0, and the set Qˆ(ξ)1 of arrows is obtained from the
set Q(ξ)1 of arrows of Q(ξ) by the following operations:
• replacing the arrows ci
αi // ai and bi
βi // ci by the arrows ai
αi // ci
and ci
βi // bi ,
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• removing the arrows ai
τi // bi ,
for all i ∈ {1, . . . , r}.
We observe that the quiver Qˆ(ξ) is the quiver obtained from the trian-
gulation quiver (Q, f), defining the algebra Λ = Λ(Q, f,m•, c•), by removing
the virtual arrows ξi and µi, for i ∈ {1, . . . , r}. Moreover, it follows from
the above relations that the radical of Λˆ(ξ) is generated by the arrows of
Qˆ(ξ). We also mention that for any arrow η ∈ Qˆ(ξ)1 different from αi, βi,
i ∈ {1, . . . , r}, we have in Qˆ(ξ) the path Aˆη obtained from the path A∗η in
Q(ξ)∗ by replacing every arrow τi by the path αiβi, and hence Aˆη coincides
with the path Aη in Q. Clearly, we have also in Qˆ(ξ) the paths Aˆαi = Aαi
and Aˆβi = Aβi , for i ∈ {1, . . . , r}.
Finally, note that the following relations in Λˆ(ξ) are consequences of the
relations in Λ(ξ) presented above:
νiδiαi = ǫiαi + cν˜iA
∗
ν˜i
αi = cν˜iAˆν˜i ,
βiνiδi = βiǫi + cν˜iβiA
∗
ν˜i
= cν˜iAˆβi = cβiAˆβi,
δiαiβi = δiτi = cδ˜iA
∗
δ˜i
= cδiAˆδi ,
αiβiνi = τiνi = cτ˜iA
∗
τ˜i
= cα¯iAˆα¯i .
Then we may conclude that the algebra Λˆ(ξ) is given by the quiver Qˆ(ξ)
and the same relations as the algebra Λ. Therefore, the algebras Λˆ(ξ) and Λ
are isomorphic.
7 Virtual edge deformations of weighted sur-
face algebras
In this section, by a surface we mean a connected, compact, two-dimensional
orientable real manifold, with or without boundary. It is well known that
every surface S admits an additional structure of a finite two-dimensional
triangular cell complex and hence a triangulation, by the deep Triangulation
Theorem (see for example [6, Section 2.3]).
For a positive natural number n, we denote by Dn the unit disc in the n-
dimensional Euclidean space Rn, formed by all points of distance6 1 from the
origin. Then the boundary ∂Dn of Dn is the unit sphere Sn−1 in Rn formed
by all points of distance 1 from the origin. Furhter, by an n-cell we mean a
topological space homeomorphic to the open disc On = int(Dn) = Dn \∂Dn.
In particular, S0 = ∂D1 consists of two points and ∂D0 = D0 is a single
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point. We refer to [30, Appendix] for some basic topological facts about cell
complexes.
Let S be a surface. By a finite two-dimensional triangular cell complex
structure on S we mean a finite family of maps φni : D
n
i → S, with n ∈
{0, 1, 2} and Dni = D
n, satisfying the following conditions:
(1) each φni restricts to a homeomorphism O
n → φni (O
n) and the n-cells
eni := φ
n
i (O
n) of S are pairwise disjoint and their union is S.
(2) For each two-dimensional cell e2i , φ
2
i (∂D
2
i ) is the union of k 1-cells and m
0-cells, where k ∈ {2, 3} and m ∈ {1, 2, 3}, and different from • • .
Then the closures φ2i (D
2
i ) of all 2-cells e
2
i are called triangles of S, and the
closures φ1i (D
1
i ) of all 1-cells e
1
i are called edges of S. The collection of
all triangles is said to be a triangulation of S. We assume that such a
triangulation T of S has at least two different edges, so then T is a finite
collection of triangles of the form
• •
•
a a
b
• •
•
a b
c
• •a
b
=or
a, b, c pairwise different a, b different (self-folded triangle)
such that every edge is either the edge of exactly two triangles, is the self-
folded edge, or lies on the boundary of S. We note that a given surface S
admits many finite two-dimensional triangular cell complex structures, and
hence triangulations.
In this section, by a directed triangulated surface we mean a pair (S,
−→
T ),
where S is a surface, T a triangulation of S, and
−→
T a coherent orientation
of triangles in T . We may assume that all triangles of T have clockwise
orientation in
−→
T . Then the associated triangulation quiver (Q(S,
−→
T ), f) is
defined as follows:
• The set Q(S,
−→
T )0 of vertices consists of the edges of T .
• The set Q(S,
−→
T )1 of arrows and permutation f : Q(S,
−→
T )1 → Q(S,
−→
T )1
are given by the orientation of triangles in T , namely
(a) a α // b
β  ✁✁
✁✁
✁✁
✁✁
c
γ
__❃❃❃❃❃❃❃❃
f(α) = β, f(β) = γ, f(γ) = α
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for any oriented triangle ∆ = (abc) in
−→
T , and a, b, c pairwise
different edges,
(b)
α
88 a
β //
b
γ
oo
f(α) = β, f(β) = γ, f(γ) = α
for a self-folded triangle ∆ = (aab) in
−→
T (a, b different edges), and
(c) α
88 a
f(α) = α,
for any boundary edge a of T .
Definition 7.1. Let (S,
−→
T ) be a directed triangulated surface and I a non-
empty set of edges in T (possibly all the edges). The blow-up of (S,
−→
T ) at I
is the directed triangulated surface (S,
−→
TI ) obtained from (S,
−→
T ) by replacing
each edge i ∈ I by a 2-triangle disc
•
•
•
biai
ci
di
with (ai ci di) and (ci bi di) in
−→
TI . We note that since we require
−→
TI to be a
coherent orientation of triangles in TI , this blow-up is uniquely determined
by I (and the coherent orientation
−→
T of triangles in T ).
Let (S,
−→
TI ) be the blow-up of a directed triangulated surface (S,
−→
T ) at a
set I of edges of T . Let (Q, f) denote the triangulation quiver (Q(S,
−→
T ), f)
and (QI , f I) the triangulation quiver associated to (S,
−→
TI). We write g :
Q1 → Q1 for the permutation associated to f and gI : QI1 → Q
I
1 for the
permutation associated to f I . For an arrow η ∈ QI1, we denote by O
I(η)
the gI-orbit of η in QI1. Moreover, let O(g
I) be the set of all gI-orbits in
QI1. For each edge i ∈ I, we abbreviate (S,
−→
Ti) = (S,
−−→
T{i}), fi = f {i} and
gi = g
{i}. We mention that (S,
−→
TI ) (respectively, (QI , f I)) is obtained from
(S,
−→
T ) (respectively, from (Q, f)) by an iterated application of single blow-
ups at all edges from I (in arbitrary fixed order).
We will illustrate the changes for single blow-up at an edge i of T .
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(1) Assume i is a common edge of two triangles in T
x
y
z
t
i• •
•
•
with (x i y) and (i z t) in
−→
T , where possibly x = y or z = t. Then (Q, f)
has arrows
x
σi
❃
❃❃
❃❃
❃❃
❃ z
i
ρi
  ✂✂
✂✂
✂✂
✂✂
γi
@@        
y t
ωi
]]❁❁❁❁❁❁❁❁
with f(σi) = ρi, f(ωi) = γi, g(σi) = γi and g(ωi) = ρi. Then the blow-up
(S,
−→
Ti) contains triangles
•
•
•
biai
ci
di
• •
x
y
z
t
with (x ai y), (ai ci di), (ci bi di), (bi z t) ∈
−→
Ti , so (Q(S,
−→
Ti ), fi) contains
a subquiver of the form
σi
%%❑❑
❑❑
❑❑
❑❑
❑ ci
βi
&&▲▲
▲▲▲
▲▲▲
▲
ξi

ai
ρi
zz✉✉✉
✉✉
✉✉
✉✉
αi
88rrrrrrrrr
bi
νiyysss
ss
sss
s
γi
99ttttttttt
di
δi
ee❑❑❑❑❑❑❑❑❑
µi
OO
ωi
dd■■■■■■■■■
with f -orbits (αi ξi δi), (βi νi µi), f(σi) = ρi, f(ωi) = γi, and g(σi) = αi,
g(αi) = βi, g(βi) = γi, g(ωi) = νi, g(νi) = δi, g(δi) = ρi, g(ξi) = µi and
g(µi) = ξi.
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(2) Assume that i is a self-folded edge of the following self-folded triangle in
T
•
•
i
x
with (i i x) ∈
−→
T , and hence (Q, f) admits a subquiver
ρi
99 i
γi //
x
σi
oo
with f -orbit (ρi γi σi), and g(ρi) = ρi, g(σi) = γi.
Then the blow-up (S,
−→
Ti) contains the triangles
•
•
•
biai
ci
di
x
with (x bi ai), (ai ci di), (ci bi di) in
−→
Ti , and so (Q(S,
−→
Ti ), fi) has a sub-
quiver of the form
x
ωi
""❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
ai
ρi
;;①①①①①①①①①①①①①①①①
αi
""❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
bi
γioo
νi
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
ci
βi
<<②②②②②②②②②②②②②②②
ξi

di
µi
OOδi
YY✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸
where fi-orbits are (αi ξi δi), (βi νi µi), (σi ρi γi). Moreover, we have
gi-orbits (ξi µi), (αi βi γi) and (δi ρi . . . ωi νi).
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(3) Assume i is a border edge of T , so we have in T a triangle
x
y
i•
•
•
with (x i y) in
−→
T and possibly x = y. Then (Q, f) contains a subquiver
x σi
&&◆◆
◆◆◆
◆
γi
eei
ρixxqq
qqq
q
y
with f(γi) = γi, f(σi) = ρi, g(σi) = γi, g(γi) = ρi.
The blow-up (S,
−→
Ti) is then containing the triangles
•
•
•
biai
ci
di
•
x
y
with (x ai y), (ai ci bi), (ci bi di) in
−→
Ti , and bi the boundary edge. In
this case (Q(S,
−→
Ti), fi) contains a subquiver of the form
x
σi
''PP
PPP
PPP
PP ci
βi
''PP
PPP
PPP
PP
ξi

γi
hhai
ρiww♦♦♦
♦♦♦
♦♦♦
♦
αi
77♥♥♥♥♥♥♥♥♥♥
bi
νiww♦♦♦
♦♦♦
♦♦♦
♦
y di
δi
gg❖❖❖❖❖❖❖❖❖❖
µi
OO
with fi-orbits (αi ξi δi), (βi νi µi), (γi), f(σi) = ρi, and the gi-orbits
(ξi µi) and (αi βi γi νi δi ρi . . . σi).
Therefore, for the single blow-up (S,
−→
Ti) of (S,
−→
T ) at an edge i, the set
O(gi) of the gi-orbits in Q(S,
−→
Ti)1 has the following structure: we have the
new orbit Oi = (ξi µi) of length 2, one or two orbits in O(g) are extended
by the arrows αi, βi, νi, δi, and the remaining orbits in O(g) become orbits in
O(gi).
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In general, for an arbitrary non-empty set I of edges of T , the set O(gI)
of all gI-orbits in QI1 = Q(S,
−→
TI)1 consists of the new orbits Oi = (ξi µi),
i ∈ I, of length 2, and extensions OI(η) of the g-orbits O(η), η ∈ Q1. Hence,
for any choice of a weight function m• : O(g)→ N∗ and a parameter function
c• : O(g)→ K
∗, we may consider the weight function mI• : O(g
I) → N∗ and
the parameter function cI• : O(g
I)→ K∗ by setting
• mIOi = 1 and c
I
Oi
= 1, for any i ∈ I, and
• mIOI (η) = mO(η) and c
I
OI(η) = cO(η), for any arrow η ∈ Q1.
Definition 7.2. The weighted surface algebra Λ(S,
−→
TI , m
I
•, c
I
•) is said to be
the blow-up of the weighted surface algebra Λ(S,
−→
T ,m•, c•) at the set I of
edges of T .
Let ΛI = Λ(S,
−→
TI , m
I
•, c
I
•) be the blow-up of a weighted surface algebra
Λ = Λ(S,
−→
T ,m•, c•) at a non-empty set I of edges of T . Then for each edge
i ∈ I, we have the pair of virtual arrows
di
µi
// ci
ξioo
from the gI-orbit Oi = (ξi µi). Moreover, let ǫ : I → {−1, 1} be an arbitrary
function. We assign to ǫ a sequence of virtual arrows ǫ = (ǫi)i∈I , with ǫi ∈ Oi,
where for any i ∈ I, we set
ǫi :=
{
ξi if ǫ(i) = 1
µi if ǫ(i) = −1.
Definition 7.3. Let Λ = Λ(S,
−→
T ,m•, c•) be a weighted surface algebra,
I a non-empty set of edges of T , and ǫ : I → {−1, 1} a function. Then
the virtual mutation ΛǫI := Λ(S,
−→
T I , m
I
•, c
I
•, ǫ) of the weighted surface al-
gebra ΛI = Λ(S,
−→
T I , m
I
•, c
I
•) is said to be a virtual edge deformation of
Λ = Λ(S,
−→
T ,m•, c•) at the set I of edges in T .
We have the following direct consequence of the main result of this paper.
Theorem 7.4. Let ΛǫI = Λ(S,
−→
T I , m
I
•, c
I
•, ǫ) be a virtual edge deformation
of a weighted surface algebra Λ = Λ(S,
−→
T ,m•, c•). Then Λ
ǫ
I is a finite-
dimensional symmetric tame periodic algebra of period 4.
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Example 7.5. Let (S,
−→
T ) be the directed surface given by the torus S = T
with the triangulation T and orientation
−→
T of triangles as follows
•
•
•
•2
2
1 13
Then (Q(S,
−→
T ), f) is the Markov triangulation quiver (see [18, Section 5] and
[36])
1
σ
//
γ // 2
η
☛☛
☛☛
☛☛
☛☛
☛☛
☛
ω
☛☛
☛☛
☛☛
☛☛
☛☛
☛
3
φ
YY✸✸✸✸✸✸✸✸✸✸✸
ρ
YY✸✸✸✸✸✸✸✸✸✸✸
with the f -orbits (γ ω ρ) and (σ η φ), given by the upper and the lower
oriented triangles of
−→
T , respectively. We note that O(g) consists of one g-
orbit O(γ) = (γ η ρ σ ω φ). Let I = {2, 3} be the chosen set of edges of T .
Then the blow-up (S,
−→
TI ) of (S,
−→
T ) at I is of the form
•
•
•
••
•
•
1 1
a2
d2 c2
a2
d2 c2
a3
d3
c3
b2
b3
b2
with the following orientation of triangles of TI : (1 b2 a3), (1 a2 b3), (a2 c2 d2),
(c2 b2 d2), (a3 c3 d3), (c3 b3 d3). Hence the associated triangulation quiver
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(QI , f I) of (S,
−→
TI) is of the form
a2
α2
✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
✍
η // b3
φ
✎✎
✎✎
✎✎
✎✎
✎✎
✎✎
✎
ν3
  ❅
❅❅
❅❅
❅❅
❅❅
❅❅
❅❅
❅❅
❅
d2
δ2
>>⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦
µ2
// c2
ξ2oo
β2
✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
1
σ
WW✴✴✴✴✴✴✴✴✴✴✴✴✴
γ
✎✎
✎✎
✎✎
✎✎
✎✎
✎✎
✎
c3
ξ3
//
β3
WW✵✵✵✵✵✵✵✵✵✵✵✵✵
d3
µ3oo
δ3
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦
b2
ν2
``❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅
ω
// a3
ρ
WW✴✴✴✴✴✴✴✴✴✴✴✴✴✴
α3
GG✍✍✍✍✍✍✍✍✍✍✍✍✍
with f I-orbits are (γ ω ρ), (σ η φ), (α2 ξ2 δ2), (β2 ν2 µ2), (α3 ξ3 δ3), (β3 ν3 µ3).
Moreover, the set O(gI) of gI-orbits in QI1 consists of the two orbits
O2 = O
I(ξ2) = (ξ2 µ2) = O
I(µ2) and O3 = O
I(ξ3) = (ξ3 µ3) = O
I(µ3)
of length 2, an the following orbit of length 14
OI(γ) = (γ ν2 δ2 η ν3 δ3 ρ σ α2 β2 ω α3 β3 φ).
Let m• : O(g) → N∗ and c• : O(g) → K∗ be the weight and parameter
functions withmO(γ) = 1 = cO(γ). Then the weight functionmI• : O(g
I)→ N∗
and the parameter function cI• : O(g
I) → K∗ are both constantly equal 1.
Consider also the associated weighted surface algebras
Λ = Λ(S,
−→
T ,m•, c•) and ΛI = Λ(S,
−→
TI , m
I
•, c
I
•).
It follows from general theory (Theorem 3.4) that
dimK Λ = 6
2 = 36 and dimK ΛI = 2
2 + 22 + 142 = 204.
Let ǫ : I → {−1, 1} be the function with ǫ(2) = ǫ(3) = 1. Then the
associated sequence of virtual arrows ǫ ∈ O2 × O3 is equal to (ξ2, ξ3). Take
the virtual edge deformation algebra ΛǫI of Λ at I, with respect to ǫ. Directly
from Definition 4.4 we obtain that the algebra ΛǫI is given by the quiver Q
I(ǫ)
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of the form
a2
η //
τ2

b3
φ
☛☛
☛☛
☛☛
☛☛
☛☛
ν3
##❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
β3
✹
✹✹
✹✹
✹✹
✹✹
✹✹
d2
δ2
;;①①①①①①①①①①①①①①①
c2
α2
EE✡✡✡✡✡✡✡✡✡✡✡
1
σ
YY✸✸✸✸✸✸✸✸✸✸
γ
☛☛
☛☛
☛☛
☛☛
☛☛
c3
α3
✡✡
✡✡
✡✡
✡✡
✡✡
✡
d3
δ3
{{①①
①①
①①
①①
①①
①①
①①
①
b2
ν2
cc❋❋❋❋❋❋❋❋❋❋❋❋❋❋❋
ω
//
β2
YY✹✹✹✹✹✹✹✹✹✹
a3
ρ
YY✸✸✸✸✸✸✸✸✸✸✸
τ3
OO
and the relations:
(1) ν2δ2 = β2α2 + ωτ3φγν2δ2ην3δ3ρσ, ν3δ3 = β3α3 + φγν2δ2ην3δ3ρστ2ω,
α2τ2 = 0, α3τ3 = 0, τ2β2 = 0, τ3β3 = 0,
(2) τ2ν2 = ην3δ3ρστ2ωτ3φγν2, τ3ν3 = ρστ2ωτ3φγν2δ2ην3,
δ2τ2 = δ2ην3δ3ρστ2ωτ3φγ, δ3τ3 = δ3ρστ2ωτ3φγν2δ2η,
γω = στ2ωτ3φγν2δ2ην3δ3, ωρ = ν2δ2ην3δ3ρστ2ωτ3φ,
ργ = τ3φγν2δ2ην3δ3ρστ2, ση = γν2δ2ην3δ3ρστ2ωτ3,
ηφ = τ2ωτ3φγν2δ2ην3δ3ρ, φσ = ν3δ3ρστ2ωτ3φγν2δ2,
(3) γωτ3 = 0, ωρσ = 0, ργν2 = 0, σην3 = 0, ηφγ = 0, φστ2 = 0,
(4) ωτ3ν3 = 0, ρση = 0, στ2ν2 = 0, φγω = 0,
(5) α2ην3δ3ρστ2ωτ3φγν2 = 0, α3ρστ2ωτ3φγν2δ2ην3 = 0,
δ2ην3δ3ρστ2ωτ3φγβ2 = 0, δ3ρστ2ωτ3φγν2δ2ηβ3 = 0.
We also observe that we have only one g∗-orbit of arrows in the quiver
QI(ǫ)∗ consisting of all arrows of QI(ǫ) different from α2, β2, α3, β3. Hence,
for any arrow θ in QI(ǫ)∗1 we have n
∗
θ = 10, while n
ν
θ = 2, and clearly m
∗
θ = 1.
Then, applying Theorem 4.14, we conclude that
dimK Λ
ǫ
I =
∑
θ∈QI(ǫ)∗1
m∗θ(n
∗
θ + n
ν
θ) = 12(12 + 2) = 168.
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Example 7.6. Let (S,
−→
T ) be the collection of three self-folded triangles
•
• •
•
1
23
4
56
with (1 1 4), (2 2 5), (3 3 6) and (4 5 6) in
−→
T . Then the associated triangu-
lation quiver (Q(S,
−→
T ), f) is of the form
1
γ1

ρ1
  
4
φ
##●
●●
●●
●
σ1
OO
6
ψ
;;✇✇✇✇✇✇
σ3xxqqq
qqq
5ω
oo σ2
&&▼▼
▼▼▼
▼
3
γ3 88qqqqqq
ρ3
<<
2γ2
ff▼▼▼▼▼▼
ρ2
bb
with f -orbits (γ1 σ1 ρ1), (γ2 σ2 ρ2), (γ3 σ3 ρ3) and (φ ω ψ). Moreover, O(g)
consists of the orbits O(ρ1) = (ρ1), O(ρ2) = (ρ2), O(ρ3) = (ρ3) and O(γ1) =
(γ1 φ σ2 γ2 ω σ3 γ3 ψ σ1). We take the weight function m• : O(g)→ N∗ and
the parameter function c• : O(g)→ K∗ defined as follows:
mO(ρ1) = mO(ρ2) = mO(ρ3) = m > 3 and mO(γ1) = 1,
cO(ρ1) = cO(ρ2) = cO(ρ3) = 1 and cO(γ1) = λ ∈ K
∗.
Let I = {1, 2, 3} be the chosen set of edges of T . Then the blow-up (S,
−→
TI)
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of (S,
−→
T ) at I is of the form
•
• •
•
•
•
•
a1 b1
c1
d1
a2
b2
c2
d2
a3
b3
c3
d3
4
56
with the following orientation of triangles: (4 5 6), (b1 a1 4), (b2 a2 5), (b3 a3 6),
and (ai ci di), (ci bi di), for i ∈ I. Hence the associated triangulation quiver
(QI , f I) = (Q(S,
−→
TI ), f
I) is of the form
d1
δ1
✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
µ1

c1
β1
{{①①
①①
①①
①①
①①
①
ξ1
OO
b1
ν1
EE✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡
ρ1
// a1
α1
cc❋❋❋❋❋❋❋❋❋❋❋❋
γ1
{{①①
①①
①①
①①
①①
①①
4
σ1
bb❋❋❋❋❋❋❋❋❋❋❋❋
φ
##❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
a3
γ3 //
α3

6
ψ
<<①①①①①①①①①①①①
σ3

5ω
oo σ2 // b2
ρ2
||②②
②②
②②
②②
②②
②②
ν2
✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
c3
β3
//
ξ3
||①①
①①
①①
①①
①①
① b3
ρ3
bb❊❊❊❊❊❊❊❊❊❊❊
ν3
uu❧❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧
a2
γ2
OO
α2
// c2
β2
OO
ξ2
""❊
❊❊
❊❊
❊❊
❊❊
❊❊
d3
δ3
EE☛☛☛☛☛☛☛☛☛☛☛☛☛☛☛☛☛☛☛ µ3
<<①①①①①①①①①①①
d2
δ2
ii❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘
µ2
bb❊❊❊❊❊❊❊❊❊❊❊
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with f I-orbits (φ ω ψ) and (αi ξi δi), (βi νi µi), (ρi γi σi), for i ∈ {1, 2, 3}.
Further, the set O(gI) of all gI-orbits in (QI , f I) consists of the orbits
Oi = (ξi µi) O
I(αi) = (αi βi ρi), i ∈ {1, 2, 3},
and one larger orbit of length 15
OI(γ1) = (γ1 φ σ2 ν2 δ2 γ2 ω σ3 ν3 δ3 γ3 ψ σ1 ν1 δ1).
Moreover, the weight function mI• : O(g
I)→ N∗ and the parameter function
cI• : O(g
I)→ K∗ are given by mIOi = 1, m
I
OI (αi)
= m, cIOi = 1, c
I
OI(αi)
= 1, for
i ∈ {1, 2, 3}, and mIOI(γ1) = 1, c
I
OI(γ1)
= λ. Consider the associated weighted
surface algebras
Λ = Λ(S,
−→
T ,m•, c•) and ΛI = Λ(S,
−→
TI , m
I
•, c
I
•)
It follows from Theorem 3.4 that
dimK Λ = 3 + 3 + 3 + 9
2 = 90, and
dimK ΛI = 4 + 4 + 4 +m · 3
2 +m · 32 +m · 32 + 152 = 27m+ 237.
Let ǫ : I → {−1, 1} be the function given by ǫ(1) = ǫ(2) = 1 and ǫ(3) =
−1. Then the associated sequence of virtual arrows ǫ ∈ O1×O2×O3 is equal
to (ξ1, ξ2, µ3). Then the virtual edge deformation ΛǫI = Λ(S,
−→
TI , m
I
•, c
I
•, ǫ) of
Λ at I (with respect to ǫ) is defined by the quiver QI(ǫ) of the form
d1
δ1
✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
c1
α1
##❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋
b1
ν1
EE✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡
ρ1
//
β1
;;①①①①①①①①①①①
a1
γ1
{{①①
①①
①①
①①
①①
①①
τ1oo
4
σ1
bb❋❋❋❋❋❋❋❋❋❋❋❋
φ
##❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
a3
δ3
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛
γ3 //
α3

6
ψ
<<①①①①①①①①①①①①
σ3

5ω
oo σ2 // b2
ρ2
||②②
②②
②②
②②
②②
②②
ν2
✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
β2

c3
β3
// b3
ρ3
bb❊❊❊❊❊❊❊❊❊❊❊τ3
bb❊❊❊❊❊❊❊❊❊❊❊
a2
γ2
OO
τ2
<<②②②②②②②②②②②② c2α2
oo
d3
ν3
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧ d2
δ2
ii❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘
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We recall also that the associated quiver QI(ǫ)∗ is obtained from QI(ǫ) by
removing the arrows α1, β1, α2, β2, ν3, δ3. Further, the set OI(g∗) of all (gI)∗-
orbits of the associated permutation (gI)∗ : QI(ǫ)∗1 → Q
I(ǫ)∗1 consists of the
orbits
(τ1 ρ1), (τ2 ρ2), (α3 β3 ρ3), and
(τ3 γ3 ψ σ1 ν1 δ1 γ1 φ σ2 ν2 δ2 γ2 ω σ3).
Moreover, the associated permutation (f I)∗ : QI(ǫ)∗1 → Q
I(ǫ)∗1 has the fol-
lowing orbits
(ν1 δ1 τ1), (γ1 σ1 ρ1), (ν2 δ2 τ2), (γ2 σ2 ρ2), (α3 β3 τ3), (γ3 σ3 ρ3), (φ ω ψ).
Then it follows from Definition 4.4 that the algebra ΛǫI is given by the quiver
QI(ǫ) and the following relations (here we abbreviate f ∗ := (f I)∗ and g∗ :=
(gI)∗):
(1) ν1δ1 = β1α1 + (ρ1τ1)m−1ρ1, α1τ1 = 0, τ1β1 = 0,
ν2δ2 = β2α2 + (ρ2τ2)
m−1ρ2, α2τ2 = 0, τ2β2 = 0,
α3β3 = δ3ν3 + λγ3ψσ1ν1δ1γ1φσ2ν2δ2γ2ωσ3, ν3τ3 = 0, τ3δ3 = 0,
(2) δ1τ1 = λδ1γ1φσ2ν2δ2γ2ωσ3τ3γ3ψσ1, τ1ν1 = λγ1φσ2ν2δ2γ2ωσ3τ3γ3ψσ1ν1,
ρ1γ1 = λν1δ1γ1φσ2ν2δ2γ2ωσ3τ3γ3ψ, σ1ρ1 = λφσ2ν2δ2γ2ωσ3τ3γ3ψσ1ν1δ1,
δ2τ2 = λδ2γ2ωσ3τ3γ3ψσ1ν1δ1γ1φσ2, τ2ν2 = λγ2ωσ3τ3γ3ψσ1ν1δ1γ1φσ2ν2,
ρ2γ2 = λν2δ2γ2ωσ3τ3γ3ψσ1ν1δ1γ1φ, σ2ρ2 = λωσ3τ3γ3ψσ1ν1δ1γ1φσ2ν2δ2,
ρ3γ3 = λτ3γ3ψσ1ν1δ1γ1φσ2ν2δ2γ2ω, σ3ρ3 = λψσ1ν1δ1γ1φσ2ν2δ2γ2ωσ3τ3,
γ1σ1 = (τ1ρ1)
m−1τ1, γ2σ2 = (τ2ρ2)m−1τ2, γ3σ3 = (α3β3ρ3)m−1α3β3,
β3τ3 = (β3ρ3α3)
m−1β3ρ3, τ3α3 = (ρ3α3β3)m−1ρ3α3,
(3) ηf ∗(η)g∗(f ∗(η)) = 0 for any arrow η from the set
{ρ1, γ1, σ1, ψ, φ, ω, ρ2, γ2, σ2, ρ3, γ3, σ3},
(4) ηg∗(η)f ∗(g∗(η)) = 0 for any arrow η from the set
{δ1, τ1, ρ1, γ1, ψ, φ, ω, δ2, τ2, ρ2, γ2, β3, τ3, γ3, σ3},
(5) α1γ1φσ2ν2δ2γ2ωσ3τ3γ3ψσ1ν1 = 0, δ1γ1φσ2ν2δ2γ2ωσ3τ3γ3ψσ1β1 = 0,
α2γ2ωσ3τ3γ3ψσ1ν1δ1γ1φσ2ν2 = 0, δ2γ2ωσ3τ3γ3ψσ1ν1δ1γ1φσ2β2 = 0,
ν3(ρ3α3β3)
m−1ρ3α3 = 0, (β3ρ3α3)m−1β3ρ3δ3 = 0.
Moreover, applying Theorem 4.14 we have
dimK Λ
ǫ
I = 4m+ 4m+ 12m+ 14 · 16 = 20m+ 224.
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Remark 7.7. We would like to mention that there are virtual edge deforma-
tions ΛǫI of weighted surface algebras Λ whose Gabriel quivers contain an
arbitrary large number of subquivers of the forms
•
σ
""❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
a
γ
<<②②②②②②②②②②②②②②②
τ
// b
ρoo
ν
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛
β
||②②
②②
②②
②②
②②
②②
②②
②
c
α
bb❊❊❊❊❊❊❊❊❊❊❊❊❊❊❊
d
δ
YY✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸
and d
ν
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛
c
β
||②②
②②
②②
②②
②②
②②
②②
②
b
τ //
ρ
// a
γ
||②②
②②
②②
②②
②②
②②
②②
②
δ
YY✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸✸
α
bb❊❊❊❊❊❊❊❊❊❊❊❊❊❊❊
•
σ
bb❊❊❊❊❊❊❊❊❊❊❊❊❊❊❊
We may obtain such algebras in the following way.
Let (S,
−→
T ) be a directed triangulated surface with non-empty boundary
and X a fixed set of boundary edges of T . Then one may enlarge (S,
−→
T )
to the directed surface (S(X),
−−−→
T (X)) by gluing each edge x ∈ X with the
self-folded triangle
•
•
i(x)
x
Next, we take the set I(X) of all created self-folded edges i(x), x ∈ X,
and the associated blow-up (S(X),
−−−→
T (X)I(X)), so we have in
−−−→
T (X)I(X) the
triangles
•
•
•
bxax
cx
dx
x
with orientation (x bx ax), (ax cx dx) and (cx bx dx) in
−−−→
T (X)I(X), for all x ∈
X. Hence the associated triangulation quiver (Q(S(X),
−−−→
T (X)I(X)), f
I(X))
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contains subquivers
cx
βx
&&▼▼
▼▼
▼▼
▼▼
ξx

ax
αx
88qqqqqqqq
bx
νxyyrrr
rr
rr
r
dx
δx
ff▲▲▲▲▲▲▲▲
µx
OO
We also note that the triangulation quiver (Q(S(X),
−−−→
T (X)), fX) has the sub-
quivers
ρx
** i(x)
γx //
b
σx
oo
with fX-orbits (γx σx ρx), and hence gX(ρx) = ρx, for all x ∈ X, where
gX is the permutation induced by fX . Finally, we take a weight function
mX• : O(g
X) → N∗ with value m > 3 on all the orbits of ρx, x ∈ X, and
an arbitrary parameter function cX• : O(g
X) → K∗. Then the suitable edge
deformations ΛǫI(X) of Λ = Λ(S(X),
−−−→
T (X), mX• , c
X
• ) with respect to I(X) and
functions ǫ : I(X)→ {−1, 1} provide the required algebras.
We also note that the directed triangulated surfaces and algebras con-
sidered in Example 7.6 are special cases of the above procedures, with the
starting directed triangulated surface being the single triangle
• •
•
4 5
6
and the set X = {4, 5, 6} of its boundary edges.
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